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PREFACE 


In this book we introduce mainly three new classes of linear 
algebras; neutrosophic group linear algebras, neutrosophic 
semigroup linear algebras and neutrosophic set linear algebras. 
The authors also define the fuzzy analogue of these three 
structures. 

This book is organized into seven chapters. Chapter one is 
introductory in content. The notion of neutrosophic set linear 
algebras and neutrosophic neutrosophic set linear algebras are 
introduced and their properties analysed in chapter two. Chapter 
three introduces the notion of neutrosophic semigroup linear 
algebras and neutrosophic group linear algebras. A study of 
their substructures are systematically carried out in this chapter. 

The fuzzy analogue of neutrosophic group linear algebras, 
neutrosophic semigroup linear algebras and neutrosophic set 
linear algebras are introduced in chapter four of this book. 
Chapter five introduces the concept of neutrosophic group 
bivector spaces, neutrosophic bigroup linear algebras, 
neutrosophic semigroup (bisemigroup) linear algebras and 
neutrosophic biset bivector spaces. The fuzzy analogue of these 
concepts are given in chapter six. An interesting feature of this 
book is it contains nearly 424 examples of these new notions. 
The final chapter suggests over 160 problems which is another 
interesting feature of this book. 


Finally it is an immense pleasure to thank Dr. K. 
Kandasamy for proof-reading and Kama and Meena without 
whose help the book would have been impossibility. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
K.ILANTHENRAL 


Chapter One 


INTRODUCTION 


In this chapter we assume fields to be of any desired 
characteristic and vector spaces are taken over any field. We 
denote the indeterminacy by ‘I’ as i will make a confusion, as it 


denotes the imaginary value, viz. i> = —1 that is ¥-1 =i. The 
indeterminacy I is such that]. 1 =17=1. 

In this chapter we just recall some of the basic neutrosophic 
structures used in this book. 

In this chapter we recall the notion of neutrosophic groups. 
Neutrosophic groups in general do not have group structure. We 
also define yet another notion called pseudo neutrosophic 
groups which have group structure. As neutrosophic groups do 
not have group structure the classical theorems viz. Sylow, 
Lagrange or Cauchy are not true in general which forces us to 
define notions like Lagrange neutrosophic groups, Sylow 
neutrosophic groups and Cauchy elements. 

We just give the basic definition alone as we use it only in 
the construction of neutrosophic group vector spaces and 
neutrosophic group linear algebras which are analogous 


structures of neutrosophic set vector spaces, neutrosophic semi 
group vector spaces, neutrosophic set linear algebras and 
neutrosophic semigroup linear algebras. 


DEFINITION 1.1: Let (G, *) be any group, the neutrosophic 
group is generated by I and G under * denoted by N(G) = {(G 
wT) *}. 


Example 1.1: Let Z7 = {0, 1, 2, ..., 6} be a group under addition 
modulo 7. N(G) = {{Z7 U I), ‘+’ modulo 7} is a neutrosophic 
group which is in fact a group. For N(G) = {a+ bI | a, b € Z7} is 
a group under ‘+’ modulo 7. Thus this neutrosophic group is 
also a group. 


Example 1.2: Consider the set G = Z; \ {0}, G is a group under 
multiplication modulo 5. N(G) = {(G U I), under the binary 
operation, multiplication modulo 5}. N(G) is called the 
neutrosophic group generated by G U I. Clearly N(G) is not a 
group, for I’ = I and I is not the identity but only an 
indeterminate, but N(G) is defined as the neutrosophic group. 


Thus based on this we have the following theorem: 


THEOREM 1.1: Let (G, *) be a group, N(G) = {(G UT), *} be 
the neutrosophic group. 


1. N(G) in general is not a group. 
2. N(G) always contains a group. 


Proof: To prove N(G) in general is not a group it is sufficient 
we give an example; consider (Z; \ {0} UI) =G= (1, 2, 4, 3, I, 
2 I, 41, 3 I}; Gis not a group under multiplication modulo 5. In 
fact {1, 2, 3, 4} is a group under multiplication modulo 5. 

N(G) the neutrosophic group will always contain a group 
because we generate the neutrosophic group N(G) using the 
group G and I. SoG c N(G); hence N(G) will always contain a 


group. 


Now we proceed onto define the notion of neutrosophic 
subgroup of a neutrosophic group. 


DEFINITION 1.2: Let N(G) = (G UTI) be a neutrosophic group 
generated by G and I. A proper subset P(G) is said to be a 
neutrosophic subgroup if P(G) is a neutrosophic group i.e. P(G) 
must contain a (sub) group. 


Example 1,3: Let N(Z2) = (Z2 U I) be a neutrosophic group 
under addition. N(Z>) = {0, 1, I, 1 + I}. Now we see {0, I} is a 
group under + in fact a neutrosophic group {0, 1 + I} is a group 
under ‘+’ but we call {0, I} or {0, 1 + I} only as pseudo 
neutrosophic groups for they do not have a proper subset which 
is a group. So {0, I} and {0, 1 + I} will be only called as pseudo 
neutrosophic groups (subgroups). 

We can thus define a pseudo neutrosophic group as a 
neutrosophic group, which does not contain a proper subset 
which is a group. Pseudo neutrosophic subgroups can be found 
as a substructure of neutrosophic groups. Thus a pseudo 
neutrosophic group though has a group structure is not a 
neutrosophic group and a neutrosophic group cannot be a 
pseudo neutrosophic group. Both the concepts are different. 


Now we see a neutrosophic group can have substructures which 
are pseudo neutrosophic groups which is evident from the 
following example: 


Example 1,4: Let N(Z4) = (Z4 U I) be a neutrosophic group 
under addition modulo 4. (Z4 U I) = {0, 1, 2,3, I, 1 + I, 21, 31, 1 
#21, be 3h 2 2220 2 + ST, 3° 32h 3 eo Oo Za 
D)=4’. 


Thus neutrosophic group has both neutrosophic subgroups and 
pseudo neutrosophic subgroups. For T = {0, 2, 2 + 2I, 2I} is a 
neutrosophic subgroup as {0 2} is a subgroup of Z, under 
addition modulo 4. P = {0, 2I} is a pseudo neutrosophic group 
under ‘+’ modulo 4. 


DEFINITION 1.3: Let N(G) be a neutrosophic group. The 
number of distinct elements in N(G) is called the order of N(G). 
If the number of elements in N(G) is finite we call N(G) a finite 
neutrosophic group; otherwise we call N(G) an_ infinite 
neutrosophic group, we denote the order of N(G) by o(N(G)) or 
|N(G)|. 


DEFINITION 1.4: Let S be a semigroup, the semigroup 
generated by S and I i.e. S UI denoted by (S UI) is defined to 
be a neutrosophic semigroup. 


It is interesting to note that all neutrosophic semigroups contain 
a proper subset, which is a semigroup. 


Example 1.5: Let Z\2 = {0, 1, 2, ..., 11} be a semigroup under 
multiplication modulo 12. Let N(S) = (Z;. U TI) be the 
neutrosophic semigroup. Clearly Zi. C (Zi. U I) and Z) 1s a 
semigroup under multiplication modulo 12. 


Example 1.6: Let Z = {the set of positive and negative integers 
with zero}, Z is only a semigroup under multiplication. Let 
N(S) = {(Z U IT)} be the neutrosophic semigroup under 
multiplication. Clearly Z < N(S) is a semigroup. 


Now we proceed on to define the notion of the order of a 
neutrosophic semigroup. 


DEFINITION 1.5: Let N(S) be a neutrosophic semigroup. The 
number of distinct elements in N(S) is called the order of N(S), 
denoted by o(N(S)). 


If the number of elements in the neutrosophic semigroup N(S) is 
finite we call the neutrosophic semigroup to be finite otherwise 
infinite. The neutrosophic semigroup given in example 1.5 is 
finite where as the neutrosophic semigroup given in example 
1.6 is of infinite order. 


Now we proceed on to define the notion of neutrosophic 
subsemigroup of a neutrosophic semigroup N(S). 


DEFINITION 1.6: Let N(S) be a neutrosophic semigroup. A 
proper subset P of N(S) is said to be a _ neutrosophic 
subsemigroup, if P is a neutrosophic semigroup under the 
operations of N (S). A neutrosophic semigroup N(S) is said to 
have a subsemigroup if N(S) has a proper subset, which is a 
semigroup under the operations of N(S). 


It is interesting to note a neutrosophic semigroup may or may 
not have a neutrosophic subsemigroup but it will always have a 
subsemigroup. 


Now we proceed on to illustrate these by the following 
examples: 


Example 1.7: Let ZU {0} denote the set of positive integers 
together with zero. {Z U {0}, +} is a semigroup under the 
binary operation ‘+’. Now let N(S) = (ZU {0!" u {It). N(S) is 
a neutrosophic semigroup under ‘+’. Consider (2Z" U I) = P, P 
is a neutrosophic subsemigroup of N(S). Take R = (3Z° UI);R 
is also a neutrosophic subsemigroup of N(S). 


DEFINITION 1.7: Let K be the field of reals. We call the field 
generated by K UI to be the neutrosophic field for it involves 
the indeterminacy factor in it. We define 1° =I, 1+ I = 2li.e, 1 
+...+ 1 =n, and ifk € K then k.I = kl, 0I = 0. We denote the 
neutrosophic field by K(I) which is generated by K UTI that is 
K(D = (K UI). (K UI) denotes the field generated by K and I. 


Example 1.8: Let R be the field of reals. The neutrosophic field 
of reals is generated by R and I denoted by (R U I) te. RC) 
clearly RC (RU I). 


Example 1.9: Let Q be the field of rationals. The neutrosophic 
field of rationals is generated by Q and I denoted by Q(I). 


DEFINITION 1.8: Let K(I) be a neutrosophic field we say K(1) is 
a prime neutrosophic field if K(I) has no proper subfield, which 
is a neutrosophic field. 


Example 1.10: Q(1) is a prime neutrosophic field where as R(1) 
is not a prime neutrosophic field for Q(I) < RI). 


Likewise we can define neutrosophic subfield. 


DEFINITION 1.9: Let K(I) be a neutrosophic field, P — K(1) is a 
neutrosophic subfield of P if P itself is a neutrosophic field. K(1) 
will also be called as the extension neutrosophic field of the 
neutrosophic field P. 


We can also define neutrosophic fields of prime characteristic p 
(p is a prime). 


DEFINITION 1.10: Let Z, = {0,1, 2, ..., p— 1} be the prime field 
of characteristic p. (Z, I) is defined to be the neutrosophic 
field of characteristic p. Infact (Z, I) is generated by Z, and I 
and (Z, UI) is a prime neutrosophic field of characteristic p. 


Example 1.11: Z, = {0, 1, 2, 3, ..., 6} be the prime field of 
characteristic 7. (Z7 U I) = {0, 1, 2, ..., 6, I, 21, ..., 61, 1 +1, 1 + 
21, ...,6+ 6I } is the prime field of characteristic 7. 


DEFINITION 1.11: Let G(I) by an additive abelian neutrosophic 
group and K any field. If G(1) is a vector space over K then we 
call G(I) a neutrosophic vector space over K. 


Elements of K(I) or (Z, U I) or QUI) or RC) will also be 
known as neutrosophic numbers. 

For more about neutrosophy please refer [10-7, 19, 25-6]. 
These concepts have good relevance in research, notably 
Smarandache’s neutrosophic method which is a generalization 
of Hegel’s dialectic, and suggests that scientific research will 
progress via studying the opposite ideas and the neutral ideas 
related to them in order to have a bigger picture. 


Chapter Two 


SET NEUTROSOPHIC LINEAR ALGEBRA 


In this chapter we for the first time introduce the notion of set 
neutrosophic vector spaces and set neutrosophic linear algebras 
and study their properties. 


This chapter has four sections. Section one introduces the 
concept of neutrosophic sets. The notion of set neutrosophic 
vector spaces are introduced in section two. Section three 
introduces the concept of set neutrosophic linear algebras. 
Mixed set neutrosophic rational vector spaces and _ their 
properties are discussed in section four. 


2.1 Types of Neutrosophic Sets 


In this section we introduce a few types of neutrosophic sets 
essential to define the notions of set neutrosophic vector spaces 
and set neutrosophic linear algebras. Throughout this book set 
implies subset of integers or subset of rationals or subset of 


b 


complex numbers or subset of modulo integers modulo n (n € 
N) or subset of reals. By finite set we mean a set S with finite 
number of distinct elements in them. If a set S has infinite 
number of elements in them, then we say S is of infinite 
cardinality. 


DEFINITION 2.1.1: Let S = {x), ..., Xnf; n © N; if each x; is a 
neutrosophic number say of the form a; + b; I, b; #0, a, b; € Z 
then we call S a pure neutrosophic set of integers or pure 
integer neutrosophic subset of pure integer neutrosophic set. 


Example 2.1.1: Let S = {5 + 21, 7 — 31, 15 + 81, —-9 + 31, 8 + 
271, 12 — 431, 431, — S50I}, S is a pure integer neutrosophic 
subset of the pure integer neutrosophic set. 


Note: Let PN(Z) = {a+ bI | a, b € Z and b # 0}, we call PN(Z) 
to be the pure integer neutrosophic set or pure neutrosophic 
integer set. N(Z) = {a + bI | a, b © Z} is the mixed set of 
neutrosophic integers or mixed neutrosophic set of integers. 


Clearly PN(Z) c N(Z), 1.e., pure neutrosophic set of integers is 
always a proper subset of mixed neutrosophic set of integers. 

P(N(Z)) U {0} is called the pure neutrosophic set of 
integers with zero. 


Example 2.1.2: Let P = {2I, 0, 31 + 1, 9, 41 — 5, 8 — 9I, -14, 
101}, P is a mixed neutrosophic subset of N (Z). Clearly P is not 
a pure neutrosophic subset of N(Z). 


THEOREM 2.1.1: Every pure neutrosophic subset of N(Z) is a 
subset of mixed subset of neutrosophic set and not conversely. 


Proof: Since PN(Z) is a proper subset of N(Z), every subset of 
PN(Z) is also a subset of N(Z). Hence the claim. 


Now consider T = {9 + 3], 21, 3 — 5I, 191, 20 — 31], 0, 5, 7, 41 + 
2} <C N(Z). Since {5, 7, 0} ~% PN(Z) we see T is not a pure 


neutrosophic subset of PN(Z), it is only a mixed neutrosophic 
subset of N(Z). 


Likewise we define N(Q) to be the mixed neutrosophic set of 
rationals, i1.e., N(Q) = {a + bI | a, b € Q} and PN(Q) = {a+ bl | 
a € Q, b # 0 € Q} is defined as the pure neutrosophic set of 
rationals. Clearly PN(Q) is a proper subset of N(Q). 


Example 2.1.3: Let 
T= ee a i +I, = +21, 18) g+2sn. 
5 4 3 4 ri 
T is clearly a pure neutrosophic rational subset of PN(Q). 


Example 2.1.4: Let B = {0, 3, 51+ 1, 71+ 8, 141, —171, —26} c 
N(Q). Clearly B is a mixed neutrosophic rational subset of 
N(Q). We see B & PN(Q). 


It is however interesting to note that T c N(Q). 
In view of this we have the following theorem. 


THEOREM 2.1.2: Every pure neutrosophic rational subset is a 
subset of N(Q). However a mixed neutrosophic rational subset 
is not a subset of PN(Q). 


The proof is left as an exercise for the reader. 


DEFINITION 2.1.2: Let N(C) = fa + bI | a, b © C} (C, the field 
of complex numbers); N(C) is defined as the mixed neutrosophic 
complex number set or mixed neutrosophic set of complex 
numbers. Let PN(C) = {a + bI|a €C, b #0, b € C}, PN(C) is 
defined as the pure neutrosophic set of complex numbers or 
pure neutrosophic complex number set. Thus we see PN(C) © 
N(C). 

We have following relations; 


N(Z) <N(Q) © N(©) and 
PN(Z) © PN(Q) C PN(C). 


So the relation ZC Q C C is preserved under the mixed 
neutrosophy and pure neutrosophy. Now if Z, denotes the set of 
integers modulo ni.e., Z, = {0, 1, 2, .... n-— 1}. N(Z,) = fa + bI| 
a, b € Z,}; N(Z,) is defined as the mixed neutrosophic set of 
modulo integers Z, or mixed neutrosophic modulo set of 
integers. 


PN(Z,) = {a+ bI | a €Z,, b 40, b € Z,} is defined as the pure 
neutrosophic set of modulo integers Z, or the pure neutrosophic 
modulo integers set. 


N(Z,) = fa + bI | a, b e€ Z,} is defined as the mixed 
neutrosophic set of modulo integers. Clearly PN(Z,,) Cc N(Z,). 


Example 2.1.5: Let Z; = {0, 1, 2} be the ring of integers 
modulo 3. N(Z3) = {0, 1, 2, I, 21, 1 + I, 1 + 21, 2 + 21,2 +T} is 
the mixed neutrosophic set of integers modulo 3. 


PN(Z3) = {I, 2], 1 + I, 1 + 21, 2 + I, 2 + 291} is the pure 
neutrosophic set of integers modulo 3 and PN(Z3) U {0} = {0, I, 
21,1+1,2 +1, 1+ 21, 2 + 21} is the pure neutrosophic set of 
integers with zero modulo 3. T = {I, 2+ 2], 1+2I,1+1,2I} c 
PN(Z3) 1s a pure neutrosophic subset of integers modulo 3. P = 
{0, I, 2, 21, 1 + I} c N(Z;) is a mixed neutrosophic subset of 
integers modulo 3. S = {0, 2], 1+ 2, 1 +1} GC PN(Z;) U {0} isa 
pure neutrosophic subset of modulo integers with zero. 


Thus we have given the basic concepts of the types of 
neutrosophic subsets and sets which will be used in this book. 


2.2 Set Neutrosophic Vector Spaces 


In this section we proceed onto define the new notion of set 
neutrosophic vector spaces and discuss a few of the properties 
associated with them. 


DEFINITION 2.2.1: Let S = {x), ..., Xnf be a mixed neutrosophic 
subset of integers. Let P c Z be the subset of integers. If for 


every x; € S and for every p € P we have px;, x; p € S then we 
call S to be a mixed neutrosophic set vector space of integers 
over the set P (|P| = 2). 


We shall now illustrate this by some examples. 


Example 2.2.1: Let S = {0, I, 2, 3, 4,1 +5, -3 +1, 14+ 41,3 + 
2I} be the mixed subset of neutrosophic integers. Let P = {0, 1} 
be a subset of Z. S is a mixed neutrosophic set vector space of 
integers over the set P. 


Example 2.2.2: Let T = {0,2 +1, 7 —I, 811, 40 — 511, — 64, 6401 
+ 1} be a proper subset of mixed neutrosophic set N(Z). T is a 
mixed neutrosophic set vector space over the set P = {0, 1}. 


Example 2.2.3: Let D = {0, +(2 — 5D, + (17 + 3D, +(16 — J, 
+71, +(— 81), +9, +(—7 + 31} be a mixed neutrosophic subset of 
N(Z). Take P = {-1, 0, 1} c Z. D is a mixed neutrosophic set 
vector space over P. 


Example 2.2.4: Let P = {0, I, 21, 31, 41, 51, 3 + 31,5 +51, 8+ 8], 
61, 101, 161} c PN(Z) be the pure neutrosophic subset of PN(Z) 
with {0}. We see P is a not a mixed neutrosophic set vector 
space over the set T= {0, 1, I} c N(Z), further T & Z, so this 
is not even neutrosophic set vector space as it is not defined 
over a proper subset of Z. This will be dealt later. 


We proceed onto define more new concepts. 


DEFINITION 2.2.2: Let S = {1 ..., Vmi GC PN(Z) VL {0}; yi € 
PN(Z) VU {0}; 1 Si sm; m &€ N be a proper subset of PN(Z) VU 
{0}. Take 6 #P CZ to be a subset of Z with |P| = 2. If for every 
yj € S and t e€ P; yit, ty; © S then we call S to be a pure 
neutrosophic integer set vector space over P Cc Z with zero or 
simply pure neutrosophic integers set vector space over S. 


We now illustrate this situation by an example. 


Example 2.2.5: Let T = {0,1 +1,2+1,3 +1, I, 21, 31, 91+ 4, 
201 — 5, 61 — 71, 81 — 351} c PN(Z) be a proper subset of 
PN(Z). Take S = {0, 1} c Z. T is clearly a pure neutrosophic 
integer set vector space over S. 


Example 2.2.6: Let V = {0,1 +I, 2+ 2I, 3 + 3], 42, 80, 41, 81, 6 
+ 61} c PN(Z). V is a pure neutrosophic integer set vector space 
over the set S = {0, 1}. We see V is not a pure neutrosophic 
integer set vector space over the set T = {0, 2} or any P = {0, 
ni;sneN\ {1}. 


Example 2.2.7: Let V = {0, ml, m|m € N} c N(Z); Visa 
mixed neutrosophic integer set vector space over the set S = Z* 
U {0}; Z* the set of positive integers. However it is easily 
verified that V is a mixed neutrosophic integer set vector space 
over any proper subset of S. But it can also be verified that V is 
not a mixed neutrosophic integer set vector space over P= Z U 
{0}; Z is the set of negative integers or any subset of P. 


Example 2.2.8: Let V = {0, 3nI|n € Z} C PN(Q) VU {0}. Visa 
pure neutrosophic integer set vector space over every proper 
subset of Z. 


Example 2.2.9: Let W = {0, ml, m|m _€ Z} c N(Z). Wis a 
mixed neutrosophic integer set vector space over any subset of 
Z. 


Example 2.2.10: Let W = {m, 0, nl | m,n € 2Z°} CN(Z). Wis 
a mixed neutrosophic integer set vector space over every subset 
of Z’. However W is not a mixed neutrosophic integer set vector 
space over any subset of Z VU {0} or on Z. 


Now we proceed onto define the notion of mixed neutrosophic 
integer set vector subspace and pure neutrosophic integer set 
vector subspace of a mixed neutrosophic integer set vector 
space. 


DEFINITION 2.2.3: Let V be a mixed neutrosophic integer set 
vector space over a subset S of Z. Let W # @ be a proper subset 
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of V. If W itself is a mixed neutrosophic integer set vector space 
over S then we call W to be a mixed neutrosophic integer set 
vector subspace of V over the set S. 


We first illustrate this situation by some examples. 


Example 2.2.11: Let V = {n+ nl |n € Z} c N(Z) be a mixed 
neutrosophic integer set vector space over S = {ZU {03} CZ. 
Let W = {m+ mlI|m € 5Z} CV CN(Z). We see W is a mixed 
neutrosophic integer set vector space over S. Hence W is a 
mixed neutrosophic integer set vector subspace of V over S. 


Example 2.2.12: Let V = {0, 3, 21, 31, 5 + 21, 16, 3 — 31, 14, 17 
+ 21, -15, 151 + 1} c N(Z) be a mixed neutrosophic integer set 
vector space over S = {0, 1} CZ. 


Take W = {0, 21, 16, 17 + 21} c V; W is a mixed neutrosophic 
integer set vector subspace of V over S. It is interesting to see 
that every subset of V which contains 16 or —15 or 3 or 14 is a 
mixed neutrosophic integer set vector subspace of V over S = 


£0, 13. 


Example 2.2.13: Let V = {0, 31+ 1,3 + 5I, 2 —5I, 171 + 3, 15] 
+ 30, 21, 171 — 153, 15, 412, 3171} c N(Z); V is a mixed 
neutrosophic integer set vector space over S = {0, 1} . Every 
subset W which contains 15 or 21 or 412 is a mixed 
neutrosophic integer set vector subspace of V over S. Take W, 
= {0, 171+ 3} Cc V; W;, is a pure neutrosophic integer set vector 
space contained in V over the set S = {0, 1} €Z. 


Example 2.2.14: Let V = {np, mpI, np + mpl | n, m € Z* and p 
= 3} c N(Z) be a mixed neutrosophic integer set vector space 
over the set S= Z' c Z. Take W = {3 + 31, 6 + OI, 21 + 211, 15 
+ 15], 27 + 271, 279 + 2791} c V. W is not a mixed 
neutrosophic integer set vector subspace over the set S = Z*. We 
see no finite proper subset of V is a mixed neutrosophic integer 
set vector subspace of V over the set S = Z’. 


Example 2.2.15: Let V = {0, 1, 1 + I} Cc N(Z); V is a mixed 
neutrosophic integer set vector space over S = {0, 1} c Z. V has 
no proper subset, hence V has no mixed neutrosophic integer set 
vector subspace over S = {0, 1} CZ. 


Example 2.2.16: Let V = {m+ ml, m, mI |m € Z"} cC N(Z); V 
is a mixed neutrosophic integer set vector space over the set 3Z” 
<Z.W= {n+nl]ne€ 2Z°} CVCN (Z); W is not a mixed 
neutrosophic integer set vector subspace of V over the set 3Z *. 


It is interesting to note that 0 ¢ V so V cannot have the zero 
element as the usual set vector space. 


In view of this we have the following example, definition and 
result. 


Example 2.2.17: Let V = {9, 9I, 0, 2 + 31, 4 + 5I, 7, -81, 27, 
511, 911} c N(Z). V is a mixed neutrosophic integer set vector 
space over the set S = {0,1} CZ. 


Take P = {0, 9, 7, -81, 27} < V, P is a set vector space over the 
set S = {0, 1}. We call P to be a pseudo neutrosophic integer set 
vector subspace of V over S. 


DEFINITION 2.2.4: Let V = {x ..., Xnf CG N(Z) be a mixed 
neutrosophic integer set vector space over the set S Cc Z. 
Suppose P <V such that (0) #P <Z and if P is a set vector 
space over § then we call P to be a pseudo mixed neutrosophic 
integer set vector subspace of V over S. 


We will illustrate this by some examples. 


Example 2.2.18: Let V = {n + nl, Z| n € Z} C N(Z) be a 
mixed neutrosophic integer set vector space over Z’ = S. Take P 
= 3Z" c V, P is a pseudo neutrosophic integer set vector 
subspace of V over S. 
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Example 2.2.19: Let V = {nl, mZ” | n, m € Z'} C N(Z) be a 
mixed neutrosophic integer set vector space over S = Z’. Take P 
= {mZ*|m € Zt c V, P is a pseudo neutrosophic integer set 
vector subspace of V over Z’ . 


Example 2.2.20: Let V = {0, 31, 4 + 31, 2 + I, -I, 3 — 81, 8+ 51, 
7, 250, 49, —560, 2069, 421 + 3} c N(Z) be a mixed 
neutrosophic integer set vector space over the set S = {0, 1} c 
Z. Take P = {0, 7, 2069, —560} c V, P is a pseudo neutrosophic 
integer set vector subspace over the set S = {0, 1} CZ. 


Now we proceed onto define pseudo pure neutrosophic integer 
set vector subspace. 


DEFINITION 2.2.5: Let W = {x), ..., Xnf CG N(Z) be a mixed 
neutrosophic integer set vector space over the set S CZ. Let V 
C W, where V © PN(Z) (V a subset of W containing only 
elements from PN(Z)). If V is a pure neutrosophic integer set 
vector space over the set S CZ, then we define V to be a pseudo 
pure neutrosophic integer set vector subspace of W. 


We illustrate this by some examples. 


Example 2.2.21: Let V = {nl, 3Z° | n € N} be a mixed 
neutrosophic integer set vector space over the set Zc Z. Take 
P = {nl |n € N} cV; P is a pure neutrosophic integer set vector 
space over the set Z’. P is clearly a pseudo pure neutrosophic 
integer set vector subspace of V over the set Z’. 


Example 2.2.22: Let W = {3I, 0, 46 + 7I, 911 + 27, 5I, 7, 982, 
A7I, 61, -257, 96 + 21} CN (Z) be a mixed neutrosophic integer 
set vector space over the set S = {0, 1} c Z. Take V = {0, 7, 
982, 61, -257} c W. V is a pseudo neutrosophic integer set 
vector subspace of W over S. 


Example 2.2.23: Let V = {ml, mZ’| m € N} c N(Z) be a 
mixed neutrosophic integer set vector space defined over the set 
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P=Z CZ. Take P = {ml | m € Z"} CV. P is a pseudo pure 
neutrosophic integer set vector over the set Z’ = P. 


Now these concepts cannot be even imitated in case of pure 
neutrosophic integer set vector space V as it cannot contain a 
proper subset which is mixed(i.e., integers). Now we proceed on 
to define yet another substructure of both pure and mixed 
neutrosophic integer set vector spaces. 


DEFINITION 2.2.6: Let V = {x, ..., X,j be a mixed neutrosophic 
set vector space over the set S < Z. Let W CV be a proper 
subset of V, if there exists a proper subset T CS such that W is a 
mixed neutrosophic integer set vector space over T then we call 
W to be a mixed neutrosophic integer subset vector subspace of 
V over the subset T of S. If W —V is such that W is a proper 
subset of PN(Z) and W is a pseudo mixed neutrosophic vector 
space over T, then we call W to be a pseudo mixed neutrosophic 
integer subset vector subspace of V over the subset T of S. 


If W <V is such that W is a subset of Z and S has a proper 
subset of integers say B CZ (for B CS) and if W is a set vector 
space over B then we call W to be a pseudo set integer subset 
vector subspace of V over the subset B of S. 


We will illustrate this by the following examples. 


Example 2.2.24: V = {0, +1, + 41, +3 + 21), +5, 71), +(8 — 
251), + 20, + 246, + 284], + 261, + 85, + 98} be a mixed 
neutrosophic integer set vector space over the set S = {0, —1, 1} 
c Z. Consider W = {0, 41, 3 + 21, 246, 20} c V. Let T = {0, 1} 
=a se 

W is a mixed neutrosophic integer subset vector subspace of 
V over the subset T of S. Take X = {+I, + 4], +3 + 2D), +(8 — 
251)} < V and the subset A = {-1, 1} c {0, 1, -l}, X isa 
pseudo pure neutrosophic integer subset vector subspace of V 
over the subset X of S. Consider Y = {0, +261, +85, + 20, + 98, 
+246} c V. Take D = {-1, 1} c{0,—-1, + 1}, Y is a pseudo set 
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integer subset vector subspace of V over the set of integers {—1, 
1}, a subset of S. 


Example 2.2.25: Let V = {3ml, n(2I + 2), Z°| m,n € Z} bea 
mixed neutrosophic integer set vector space over the set S = Z* 
ey a 

Take W = {n(2I+ 2), Z'|n €Z'!; W is a mixed neutrosophic 
integer subset set vector subspace over 3Z° c Z’ . Take X = 
{5Z\ c V, X is a pseudo set integer subset vector subspace of 
V over the subset 2Z* < Z”. Consider Y = {3mI |m eZ} cV; 
V is a pseudo pure neutrosophic integer subset of the vector 
subspace V over the subset 6Z" of Z”. 


Now having seen several new substructures of a mixed 
neutrosophic integer set vector space we now proceed on to 
define the notion of mixed neutrosophic integer set linear 
algebra over a subset of integers. 


DEFINITION 2.2.7: Let V = {x;, ..., X,j be a mixed neutrosophic 
integer set vector space over the set S © Ae If on V we can 
define a closed binary operation ‘+’ such that for all xj, x; € V, 
x; + x; € V then we define V to be a mixed neutrosophic integer 
set linear algebra over S. 


We illustrate this situation by some examples. 


Example 2.2.26: Let V = {3ml, 0, 3m, 3m + 3mI|m e€ Zt, V 
is a mixed neutrosophic integer set linear algebra over the set Z” 
Example 2.2.27: Let 


v-{(0 2}C dlnez} 


be a mixed neutrosophic integer set linear algebra over the set 
Lez 


Example 2.2.28: Let 
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ml mI ml) /0 O 0O mi ml ml 
V= : ; meZ}. 
0 0 O mmim})\(\m m m 
V is a mixed neutrosophic integer set linear algebra over the set 
Cy Ageat fp 


Example 2.2.29: Let V = {0, tnl, +n|n € Z}, V is not a mixed 
neutrosophic integer set linear algebra over any subset of Z. It is 
only a mixed neutrosophic set vector space over every proper 
subset of Z and including Z. 


In view of this we have the following theorem. 


THEOREM 2.2.1: Let V be a mixed neutrosophic integer set 
linear algebra over a subset S of Z. Then V is a mixed 
neutrosophic set vector space over the subset S of Z. 


Proof: Clear from the definition of mixed neutrosophic integer 
set linear algebra over S. 


COROLLARY 2.2.1: 4A mixed neutrosophic integer set vector 
space V over a set S (S Cc Z) in general is not a mixed 
neutrosophic integer set linear algebra over S. 


Proof: The proof is given using an example. 

Consider V = {2, 0, 2I, 41, 31 + 1, 21 — 27, 28, 411 — 38, 1} 
c N(Z). V is a mixed neutrosophic integer set vector space over 
the set S = {0, 1} c Z. Clearly V is not closed under addition 
for2+2I ¢ V,21—27+28 ¢ V and so on. 

Thus a mixed neutrosophic integer set vector space in 
general is not a mixed neutrosophic integer set linear algebra 
over S. Hence the claim. 


Now we proceed onto define substructures in mixed 
neutrosophic integer set linear algebra. 


DEFINITION 2.2.8: Let V be a mixed neutrosophic integer set 


linear algebra over the set S (S C Z). Let W be a subset of V 
such that W itself is a mixed neutrosophic integer set linear 
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algebra over S; then we call W to be a mixed neutrosophic 
integer set linear subalgebra of V over the set S CZ. 


We now illustrate this situation by some examples. 


Example 2.2.30: Let V = {5nl, 0, Sn, 5nI + 5n | n € N} bea 
mixed neutrosophic integer set linear algebra over the set S = 
{0, 1} < Z. Take W = {0, 25n, 25nI, 25n + 25nI | ne N} CV; 
W is clearly a mixed neutrosophic integer set linear subalgebra 
of V over the set S = {0, 1}. 


Example 2.2.31: Let V = {0, m+ ml | m € Z’} be a mixed 
neutrosophic integer set linear algebra of V over S = mZ' c Z. 
Take W = {0, 3m + 3mI|m e& Z"} c V; clearly W is a mixed 
neutrosophic integer set linear subalgebra of V over S= mZ’. 


Now we proceed onto define the notion of yet another new 
substructure. 


DEFINITION 2.2.9: Let V be a mixed neutrosophic integer set 
linear algebra over the subset S <Z. Let W —V be such that W 
CZ. If W itself is a set linear algebra over the set S then we call 
W to be a pseudo integer set linear subalgebra over S; S CZ. 


We shall illustrate this by some examples. 


Example 2.2.32: Let V = {3nl + 3n, 3nl, 3n|n € Z'} C N(Z) be 
a mixed neutrosophic integer set linear algebra over the set S = 
Z <Z. P= {3n|n € Z'} C Vis a pseudo integer set linear 
subalgebra of V over S c Z. 


Example 2.2.33: Let V = {2Z + 2ZI, 2Z, 2Z1} c N(Z) be a 
mixed neutrosophic integer set linear algebra over the set S = 
Z. Take W = {2Z"} c V; W is a pseudo integer set linear 
subalgebra of V over S=Z’. 


Example 2.2.34: Let V = {2ZI, 2Z, 2Z + 2ZI} c N(Z) be a 
mixed neutrosophic integer set linear algebra over the set S = 
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7Z < Z. Take P = {16Z} < V; P is a pseudo integer set linear 
subalgebra of V overS=7Z CZ. 


DEFINITION 2.2.10: Let V be a pure neutrosophic integer set 
vector space over the set S CZ. If in addition for every x, y € V; 
x +y €Vwe call V to be a pure neutrosophic integer set linear 
algebra over the set S CZ. 


We illustrate this situation by some examples. 


Example 2.2.35: Let V = {2ZI} c PN(Z) be pure neutrosophic 
integer set linear algebra over the set S= Zc Z. 


Example 2.2.36: Let V = {3ZI} c PN(Z). V is a pure 
neutrosophic integer set linear algebra over the set 3Z’ c Z. 


{C2 Sh 


V is a pure neutrosophic integer set linear algebra over 2Z * c Z. 


Example 2.2.37: Let 


Example 2.2.38: Let V = {mZ + mZI|m € Z} C PN(Z). Visa 
pure neutrosophic integer set linear algebra over 5Z' < Z. 


Now we proceed onto describe the substructure of pure 
neutrosophic integer set linear algebra. 


DEFINITION 2.2.11: Let V be a pure neutrosophic integer set 
linear algebra over a set S CZ. Let W CV bea proper subset of 
V; if W is pure neutrosophic integer set linear algebra over S; 
then we call W to be a pure neutrosophic integer set linear 
subalgebra of V over the set S. 


We shall illustrate this situation by some examples. 


Example 2.2.39: Let V = {3Z + 3ZI' c PN(Z) be a pure 
neutrosophic integer set linear algebra over the set S = Z’ c Z. 
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Take W = {6Z + 6ZI} c V c PN(Z); W is a pure neutrosophic 
integer set linear subalgebra of V over the set S. 


2Z 3Z] 
V = 
3ZI_ 22 
be a pure neutrosophic integer set linear set linear algebra over 


the set S=Z". 
8Z = 12Z]I 
W = 
1271 8Z 


Take 
W is a pure neutrosophic integer set linear subalgebra of V over 
the set S=Z". 


Example 2.2.40: Let 


Example 2.2.41: Let 


3Z) 3Z8ZZ 
V= < PN(Z), 
AZ] 4ZI 4ZI 


be a pure neutrosophic integer set linear algebra over the set S = 


3Z. 
Take 
6Z 6Z 62 
W= cV 
8ZI 8ZI 8ZI 
to be a proper subset of V. W is a pure neutrosophic integer set 


linear subalgebra of V over 3Z. 


Now we proceed onto define yet another type of substructure in 
pure neutrosophic integer set linear algebra. 


DEFINITION 2.2.12: Let V be a pure neutrosophic integer set 
linear algebra over the set S CZ. Let W be a proper subset of V 
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and T CS be a proper subset of S. If W is a pure neutrosophic 
integer set linear algebra over the set T, (T CS) then we call W 
to be a pure neutrosophic integer subset linear subalgebra of V 
over the subset T of S. 


We illustrate this definition by some examples. 


Example 2.2.42: Let V = {3Z + 3ZI} Cc PN(Z) U {0} be a pure 
neutrosophic integer set linear algebra over S = Z”. Take W = 
{27Z + 27ZI} < V and T = 3Z’ c Z =S. W is a pure 
neutrosophic integer subset linear subalgebra of V over the 
subset T of S. 


Example 2.2.43: Let 


(2 al 


V is a pure neutrosophic integer set linear algebra over S = Z. 


Take 
10ZI 52 
W= cV, 
{ 5Z el 


W is a pure neutrosophic integer subset linear subalgebra of V 
over the subset T= Z° c Z=S. 


It is pertinent to mention here that pure neutrosophic integer set 
linear algebras do not have proper pseudo neutrosophic integer 
substructures. It is also important to mention here that every 
pure neutrosophic integer set linear algebra is a pure 
neutrosophic integer set linear algebra. 

We prove the later part of the claim by the following example: 


Example 2.2.44: Let V = {21 + 2, 0,5 + SI, 7I, -281, 19-211} c 
PN (Z) be a pure neutrosophic integer set vector space over the 
set S = {0, 1} c Z. We see V is not a pure neutrosophic integer 
set linear algebra as 5 + 51+ 71=5 + 121 ¢ V, -281 + 71 =-211 
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¢ V and so V is not an integer set linear algebra of S = {0, 1} c 
Z. 


We now proceed onto define two more new concepts on the 
integer set Z. 


DEFINITION 2.2.13: Let V Cc NP(Z) be a pure neutrosophic 
integer set linear algebra over a set S < Z. If V has no pure 
neutrosophic integer subset linear subalgebra then we call V to 
be a pure neutrosophic integer set simple linear algebra. 


We first illustrate this by some examples. 


Example 2.2.45: Let V = {nl | n € Z \ {0}} be the pure 
neutrosophic integer set linear algebra over S = {0, 1}. V is not 
a pure neutrosophic integer set simple linear algebra. 


Example 2.2.46: Let 


nl ml 
V= m,neZ* >. 
(2 ea 


V is a pure neutrosophic integer set simple linear algebra over S 
= {0, 1}. 


DEFINITION 2.2.14: Let V Cc NP(Z) be a pure neutrosophic 
integer set linear algebra over the set S CZ. If V has no proper 
subset W © V © NP(Z) such that W is a pure neutrosophic 
integer set linear subalgebra or W is not a pure neutrosophic 
integer subset linear subalgebra for any subset T CS CZ over 
any subset T CS CZ; then we call V to be pure neutrosophic 
integer set weakly simple linear algebra. 


We illustrate this by some simple examples. 


pez'| 


Example 2.2.47: Let 
I 0 
v= Pp 
0 pl 
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be a pure neutrosophic integer set linear algebra over {0,1} =S 
c Z. Since S has no proper subsets, V is a pure neutrosophic 
integer set weakly simple linear algebra over S = {0, 1} CZ. 


Example 2.2.48: Let 


nl O tl 
V= 
(mr ql =| 


be a pure neutrosophic integer set linear algebra over the set S = 
{0, 1} < Z. It is easily verified V is a pure neutrosophic integer 
set weakly simple linear algebra. 


nampa e2'} 


Now we proceed onto define the notion of set neutrosophic 
integer set linear transformation and set neutrosophic integer set 
linear operator. 


DEFINITION 2.2.15: Let V and W be any two mixed 
neutrosophic integer set vector spaces over the same set S CZ. 
Let T be a map from V into W satisfying the following 
conditions: 
GAD St 
(2) T(sv) = sT(v) for all s € S and for all v € V and 
T(v) € W. 


We define T to be a _ set neutrosophic integer linear 
transformation of V into W. If V = W then we call the set 
neutrosophic integer set linear transformation to be the set 
neutrosophic integer set linear operator on V. 


We illustrate this by simple examples. 


Example 2.2.49: Let V = {8I, 0, 51, 221, 46, 3 + 251} and W = 
{0, 46 + I, 81 221 + 3, 71, 21 51 251, 631} be mixed neutrosophic 
integer set vector space over the set S = {0, 1} CZ. Let T: V> 
W be a map such that 

T() =I 
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T(81) = 81 


T(0) =0 
T(51) = 51 
T(221) = 221 +3 
T(46) = 21 
T(3 + 251) = 251 
T(D =1. 


Clearly T(0.x) = 0.T(x) Le., 
T(O) = 0 and T(1x) = 1 T(x) = T (x); 
as 0.x = 0 and 1.x =x for all x € V. 


Example 2.2.50: Let V = {0, 2nI + 2n | n € Z’} be a pure 
neutrosophic integer set vector space over Z’. Define the map T 
:V—> Vas 
T (0) =0 
T(D=I 
T(2nI + 2n) = 2(n + 2) + 2(n + 2), 
i.e., T(x) = 2x for all x € V. Clearly T is a linear operator on V. 


Note: It is interesting and important to note that V and W can be 
both mixed neutrosophic integer set vector spaces or both can 
be pure mixed neutrosophic integer set vector spaces or one can 
be mixed neutrosophic integer set vector space and other can be 
pure neutrosophic integer set vector space; still the definition of 
the set neutrosophic integer set linear transformation remains 
the same. 

The only main criteria is that T(I) = I for any set 
neutrosophic integer set linear transformation T from V to W 
except in case of the zero linear transformation O(1) = 0; but 
however this special transformation is of no use to the real 
world problems or applications. 


Now we proceed onto give the definition of set neutrosophic 
integer set linear transformation of mixed neutrosophic integer 
set linear algebras and pure neutrosophic integer set linear 
algebras. 


DEFINITION 2.2.16: Let V and W be any two mixed 
neutrosophic integer set linear algebras defined over the same 
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set S. Let T be a set neutrosophic integer set linear 
transformation from V to W such that T: V > W is a semigroup 
homomorphism with respect to addition then we define T to be a 
set neutrosophic integer set linear algebra transformation from 
V to W. If V = W then we define T to be a set neutrosophic 
integer set linear algebra operator from V to W. 

We illustrate this by some examples. 


Example 2.2.51: Let V = {2nl, 2n, 2m + 2tI | m, t,n € Z’ {m, t 
and n need not be taking always distinct values}} and 


w= 2nl 0\/(0 O 2mI 0 
0 O/ \0 2n/'\ 0° 2t 
be two mixed neutrosophic integer set linear algebras over S = 
{0,1}. Let T: V > W be defined as 


T (2nI) = es 
0 0 
0 0 
n= | ssl 


2tl O 
T (2m + 2tl) = 0 2 
m 


nnte2:| 


for 2nlI, 2n, 2m + 2tIl € V we see T is a set neutrosophic integer 
set linear algebra transformation of V to W. 


Example 2.2.52: Let 


v= 2n 0 0 2ml 2n 2mli 
0 2n)\2mIl O )}'\2mI 2n 


m,ne Z| 
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be a mixed neutrosophic integer set linear algebra over the set S 
= {0, 1}. Let T: V — V be defined by 


T 2n 0 - 2n+2 0 
0 2n 0 2n+2 


r 0 2ml 7 0 2mlI + 21 
2mIl =O 2ml + 21 0 


Clearly T is a set neutrosophic integer set linear algebra 
operator over the set S = {0,1}. 


Example 2.2.53: Let V = {(2n+ 2nl) |n € Z} and 


2n + 2nl 0 
W= rez 
0 2n + 2nl 


be two pure neutrosophic integer set linear algebras over the set 
S = {0,1}. Define T: V > W by 


2n+2nl 0 
T(2n + 2nl) = : 


0 2n+ 2nlI 


T is a set neutrosophic integer set linear algebra transformation 
of V into W. 


Example 2.2.54: Let 


be a pure neutrosophic integer set linear algebra over the set S = 
{0,1} c Z. Let T: V > V be defined by 
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ee 2n 2nl\) f 2n+2 2nl+2 
2nl 2n 2nl+2 2n+2) 
T is easily verified to be a set neutrosophic integer set linear 
operator on V. 


It is left as a problem for the reader to prove Homg (V, W) is a 
set of all neutrosophic integer set vector spaces over S Cc Z 
where V and W are mixed (pure) neutrosophic integer set vector 
spaces over the set S c Z. Let Homs (V, V) denote the 
collection of all set neutrosophic integer set linear operators of 
V over the set S c Z; where V is the pure (mixed) neutrosophic 
set vector space over S. What is the structure of Hom,(V, V)? 

If V and W are mixed (pure) neutrosophic integer set linear 
algebras defined over S, will Homsg(V, W) be a mixed (pure) 
neutrosophic integer set linear algebras? 


Let us define some more properties of set neutrosophic integer 
set linear algebra. 


DEFINITION 2.2.17: Let T be a set neutrosophic integer set 
linear transformation from V to W. If atleast one vector 
subspace P of V is mapped into a vector subspace of W then we 
say T weakly preserves subspaces i.e., T(P) is a vector subspace 
of W for atleast one vector subspace P of V; we define T to be a 
set neutrosophic integer set weak subspace preserving linear 
transformation of V to W. 

If every subspace P of V is preserved by a set neutrosophic 
integer set linear transformation then we call T to a set 
neutrosophic integer set strong subspace preserving linear 
transformation of V to W. 

In an analogous way one can define these two concepts for 
set neutrosophic integer set linear operator on V. 


We illustrate these definitions by some examples. 


Example 2.2.55: Let V = {0, 31+ 2, 71+ 4, —2 + I, 801, 92 — 8], 
47, -6I1, -4, 50 — 21} and W = {0, 61 + 4, —35 141 + 8, -4 + 21, 
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121, -8, 25-91, — 48 + I, 97- 41, —52I, —21, 401} be two mixed 
neutrosophic integer set vector spaces over the set S = {0,1} c 
Z. Let T: V > W given by 

T(0) =0 
TGI+2)=61+4 
T(71 + 4) = 141+ 8 
T(2 +1) =-4+2I1 


T(811) = 401 
T(92 — 81) =97—4I 
Te47)==35 
Te 6) S221 
TE 4j=H28 
TPG0=21 2= 21 


We see P = {0, 31 + 2, 71 + 4, —2 + I, -6l, -4} is a mixed 
neutrosophic integer set vector subspace of V. Also we see T(P) 
= {0, 61 + 4, 141 + 8, — 4 + 2], -12I, — 8} c W is a mixed 
neutrosophic integer set vector subspace of W. So T is a set 
neutrosophic integer set weak linear transformation of V into 
W. 


Example 2.2.56: Let V = {20, I, 0, 101, 26 + I} C N(Z) be a 
mixed neutrosophic integer set vector space over S = {0, 1} c 
Z. The mixed neutrosophic subspaces of V are 


P, = {0,I, 20}, 
P, = {0, I, 20, 101} 
P; = {0,1 2026+1} 
P, = {0, 101, 203 
P; = {0, 101, 20 26+ ]} 
Ps = {0, 26 +I, 203 


Define a set neutrosophic integer set linear operator T on such 
that T(0) = 0 and T(20) = 0 and others in any compatible way 
then T is not a set neutrosophic integer set weak linear operator 
on V or T is not a set neutrosophic integer set strong linear 
operator on V. Now define T, : V > V as follows. 

T; (0) = (0) 

T, (20) = 20 


oP) 


T, (D=1 
T (0D = 26 +1 
T, is a set neutrosophic integer set weak linear operator on V. 


We shall discuss about the generating subset of a mixed (pure) 
neutrosophic integer set vector spaces. 


DEFINITION 2.2.18: Let V = {x), ..., X,' be a mixed (pure) 
neutrosophic integer set vector space over the set S Cc Z. 
Suppose T = {X), ..., Xn | m Sn} CV is such every x; € V can be 
represented as sx; for some s € S and x; € T i.e., x; = sx; then 
we say T generates V over S and T is called the mixed (pure) 
neutrosophic integer set generator subset of V over S. 


Note: It may at times so happen that T = V. 
We shall illustrate this situation by some examples. 


Example 2.2.57: Let V = {0, 21, 24, 2 + 31, 41 —1,37+441} c 
N(Z) be a mixed neutrosophic integer set vector space over S = 
{0, 1} c Z. T = {21, 24, 2 + 31, 41 — I, 37 + 441} c V is the 
mixed neutrosophic integer set generator subset of V over the 
set S = {0, 1}. We see V #T. 


Example 2.2.58: Let V = {+ 31, + 1, + (22 + J, + (SI — 20), + 
701, + (81 + 4)} Cc N(Z) be a mixed neutrosophic integer set 
vector space over the set S = {-1, 1}. We see T = {3], 1, 22 +I, 
5I — 20, 701, 81 + 4} c V is a mixed neutrosophic integer set 
generator subset of V over the set S = {- 1, 1}. Wesee V#T. 
In fact | V |= 12 and| T|= 6. 


Example 2.2.59: Let V = {3ZI, 8Z} c N(Z) be a mixed 
neutrosophic integer set vector space over Z. The mixed 
neutrosophic integer set generator subset of V over the set Z is 
given by T = {3I, 8} c V. We see | T | = 2 where as | V | =~. 


Example 2.2.60: Let V = {2nI | n € Z} be a pure neutrosophic 
integer set vector space over S = {0,1} CZ. T= {2nl|n € Z\ 
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{0}} c V is the pure neutrosophic integer set generator of V 
over S = {0, 1}. 


Example 2.2.61: Let V = {2I, 9I, —8I, 141, 271 + 4, 44 — 2I, 0, 
141 — 9} c PN(Z) be a pure neutrosophic integer set vector 
space with zero over S = {0,1} c Z. T = {2I, 91, —-81, 141, 271 + 
4, 44 — 2], 141 — 9} c Vie, V \ {0} = T is the pure 
neutrosophic integer set generator of V over S. 


Example 2.2.62: Let V = {3ZI} be the pure neutrosophic 
integer set vector space over the set S = Z. T = {3} Cc V is the 


pure neutrosophic integer set generator of V over S = Z. Thus 
|T|=1. 


Remark: We see the pure (mixed) neutrosophic integer set 
generator of a vector space may be finite or infinite. The 
cardinality in some case depends on the set over which they are 
defined. 


This is proved by the following examples: 


Example 2.2.63: Let V = {5ZI} be a pure neutrosophic integer 
set vector space over S = {0, 1} c Z. T = 5ZI \ {0} is the pure 
neutrosophic integer set generator of V over S. Clearly | T | = 0 
infact | T|=| V \ {03}. 


Now we consider the same pure neutrosophic integer set vector 
space V over a different set S c Z and find the cardinality of the 
pure neutrosophic integer set generator of V. 


Example 2.2.64: Let V = {5ZI} be a pure neutrosophic integer 
set vector space over the set S = Z. Now T = {5]} is the pure 
neutrosophic integer generator of V over S = Z. Clearly | T | = 1. 
So we see depending on the set S over which V is defined the 
cardinality may be one or ©. 


Now we define the pure (mixed) neutrosophic integer set 


generator of a pure (mixed) neutrosophic integer set linear 
algebra over the set S CZ. 


a7 


Let T c V; if every v € V can be represented as v = st or 


v= dst; , 
i 


for some s;, s € S and t;, t e T then we define T to be a pure 
(mixed) neutrosophic integer set generator of V over S. 


We shall now illustrate this situation by some examples. 


Example 2.2.65: Let V = {n+ nl |n € Z’ U {03} c PN(Z) be 
the pure neutrosophic integer set linear algebra over S = {0, 1}. 
T = {1 + II} is the pure neutrosophic integer set generator of V 
over S. Thus | T|= 1. 


Example 2.2.66: Let V = {n, nl, m+ tl | m,n, t e Z} C N(Z) be 
a mixed neutrosophic integer set linear algebra over ZC Z. 
Take T = {+1, +I, 0} c V; T is a mixed neutrosophic integer set 


generator of V over Z’.|T|=5. 


Example 2.2.67: Let 
le 0 
V= 
p ml 
be a pure neutrosophic integer set linear algebra over Z. 
Take 
I 0) (0 0) /0 0 
T= ’ cV; 
0 0) \0 I) \1 0 


T is the pure neutrosophic integer set generator of the linear 
algebra over Z. 


ompez| 


If we change the set over which these spaces are defined then 
their generating set are also different. This is described by the 
following examples: 


38 


Example 2.2.68: Let V = {n+ nl |n € ZU {03} be the pure 
neutrosophic integer set linear algebra over S = {0, 1}. T= {1 + 
I} c V is the pure neutrosophic integer set generator of V over 
S = {0, 1}. 

If we replace S = {0, 1} by M=Z'U {0}. Wesee T= {1+ c 
V is the pure neutrosophic integer set generator of V over S = 
{0, 1}. 

Suppose V = {n+nlI|n € ZU {0}} is a pure neutrosophic 
integer set linear algebra over any subset S Cc ZU {0} CZ 
have same T = {1 + I} to be the pure neutrosophic integer set 
generator of V over S. 


Example 2.2.69: Let V = {2Z°,0,mZ+nZI|m,neZ }c 
N(Z) be a mixed neutrosophic integer set linear algebra over Z” 
U {0}; T = {2, m+ nl | m,n € Z"} < V; T is the mixed 
neutrosophic integer set generator of V over Z*U {0}. 


We just wish to show that a V treated as a mixed (pure) 
neutrosophic integer set vector space in general has a distinct 
generator set from the same V treated as a mixed (pure) 
neutrosophic integer set linear algebra. 


The following example shows the above claim. 


Example 2.2.70: Take V = {m+mI|me€ ZU {0}} CPN(Z)a 
pure neutrosophic integer set vector space over S = {0, 1} Cc Z. 
T = V \ {0} c V is the pure neutrosophic integer set generator 
of V. 

Clearly | T |= 0. Now V= {m+ml|meZ'vu {O}} isa 
pure neutrosophic integer set linear algebra over S = {0, 1}. T= 
{1 + I} is the pure neutrosophic set generator of V. We see | T | 
=1. 


From this example the reader can understand the vast difference 
between the pure (mixed) neutrosophic integer set linear algebra 
V and pure (mixed) neutrosophic integer set vector space V 
(same V) over the same set S. 
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2.3 Neutrosophic-Neutrosophic Integer Set Vector Spaces 


In this section we introduce yet another new type of vector 
spaces called neutrosophic-neutrosophic integer set vector 
spaces. Here we cannot have two types of vector spaces. Recall 
N(Z) = {a+ bI | a, b € Z} is the set of neutrosophic integers. 


DEFINITION 2.3.1: Let V = {v, ..., Vat where v; € N(Z); 1 Sis 
n. We say V is a neutrosophic-neutrosophic integer set vector 
space over S C N(Z) (S <Z) ifsvy, = vV;8 € V for every vy € V 
and s € S. We shall for easy representation write neutrosophic- 
neutrosophic integer vector space as n-n integer set vector 
space. 


We now illustrate this new structure by some examples. 


Example 2.3.1: Let V = {0, 1 + (2"- II | n=1, 2, ..., of c 
N(Z). V is a n-n integer set vector space over S= {0,1 +I, 1} 
N(Z). 


Example 2.3.2: Let V = {I, 21, 5I, 71, 0, 81, 271} C N(Z). Visa 
n-n integer set vector space over S = {0, I} C N(Z). 


Example 2.3.3: Let V = ZI c N(Z), V is a n-n integer set vector 
space over Z = {0, I}. 


Example 2.3.4: Let V = {ZI} Cc N(Z); V is a n-n integer set 
vector space over ZI c N(Z). 


Example 2.3.5: Let V = {0, 1 — I} c PN(Z) U {0} be the n-n 
integer set vector space over the set S = {0, 1, 1+2I} CN(Z). 


Note: It is important and interesting to note that if V is a n-n 
integer set vector space then V cannot contain any integer from 


Z; 1.e., if any a € V thena ¢ Z. 


DEFINITION 2.3.2: Let V be a n-n set vector space over a set S 
CN(Z). Suppose W is a proper subset of V and W is itself a n-n 
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set vector space over the same set S < N(Z); then we call W to 
be an-n set vector subspace of V over S. 


We will illustrate this situation by some examples. 


Example 2.3.6: Let V = {ZI} be a n-n set vector space over the 
set S=Z'l. Take W = {2ZI} < V; V is a n-n set vector subspace 
of V over Z'I. 


Example 2.3.7: Let V = {0, m+ ml | m € Z’} be the n-n set 
vector space over the set S = {0, 1, 1 —I} Cc N(Z). Take W = 
{2m + 2ml | m € Z"} be the n-n set vector subspace of V over 
ScN(Z). 


Example 2.3.8: Let V = {ZI,m +ml|m e€ Z’} be a n-n set 
vector space over the set S = {0, 1, 1 — I} Cc N(Z). Take W = 
{ZI} ¢ V; W is an-n set subvector space of V over S. 


Now we will proceed onto define the notion to neutrosophic- 
neutrosophic set linear algebra (n-n set linear algebra). 


DEFINITION 2.3.3: Let V be a n-n set vector space over S C 
N(Z), a subset of N(Z). If V is such that for every a,b € V, a+ 
b, b + a € V then we call V to be a neutrosophic-neutrosophic 


set linear algebra over S (n-n set linear algebra over S). 


We first illustrate this definition by some examples before we 
prove some properties about them. 


Example 2.3.9: Let V = {m—mlI|m e€ Z’} be a n-n set linear 
algebra over the set S = {1, 1 —I} CN(Z). 


Example 2.3.10: Let V = {ZI} c PN(Z). V is a n-n set linear 
algebra over the set S = {0, 1, 1-I} C N(Z). 


Example 2.3.11: Let 


4] 


ZI ZI 
V= ; 
V is an-n Set linear algebra over the set S = {0, 1, 1 —T}. 


It is important and interesting to note that as in case of linear 
algebra, n-n linear algebras is a set vector space but in general a 
n-n set vector space is not a n-n linear algebra. The following 
examples show that a n-n set vector space is not a n-n set linear 
algebra. 


Example 2.3.12: Let V = {3], 241, 411, 26I, 0, —131, 481} c 
PN(Z). V is a n-n set vector space over the set S = {0, 1, I} c 
N(Z). We see V is not a n-n set linear algebra over S; as 3I + 
241 = 271 ¢ V and so on. 


Thus in general a n-n set vector space is not a n-n set linear 
algebra over S. Now we proceed onto define the new concept of 
n-n set linear subalgebra. 


DEFINITION 2.3.4: Let V be a n-n set linear algebra over the set 
S NZ). (S < Z). Suppose W is a subset of V such that W is a 


n-n set linear algebra over the set S < N(Z) the we call W to be 
an-n Set linear subalgebra of V over the set S. 


We will illustrate this situation by some examples. 

Example 2.3.13: Let V = {3ZI} be a n-n set linear algebra over 
the set S = Z'l. Take W = {9ZI} c V; W is a n-n set linear 
algebra of V over S. 

Example 2.3.14: Let V = {m—ml|m € Z"} be a n-n set linear 


algebra over the set S = {0, 1, 1 —I} C N(Z). W = {3m — 3m | 
m € Z'} c Visan-nset linear subalgebra of V over S. 


mez'| 


Example 2.3.15: Let 
v= m-ml 0 m-ml 0 
3Z‘1 ZI LOO 0 
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be a n-n linear algebra over the set S = {0, 1, 1 -]} c N(Z). 
Take 


W is an-n linear subalgebra over the set S = {0, 1, 1 — I}. 


Example 2.3.16: Let 


0 n-nl p-pl 
ee n-nl p-p 
t- 0 0 


be a n-n set linear algebra over the set S = {0, 1, 1 —I} CN(Z). 


w= 0 2n—2nl 2p-2pl 
2t—2tl 0 0 


is an-n Set linear subalgebra of V over the set S. 


n,p,te¢ 2 


npte2| cV 


Now we proceed onto define yet another new substructure. 
DEFINITION 2.3.5: Let V be a n-n set linear algebra over S. 
Suppose W is a proper subset of V and W is only a n-n set 
vector space over S then we call W to be a pseudo n-n set vector 
subspace of V over S. 


We will illustrate this by some simple examples. 


Example 2.3.17: Let 


v= m-ml 0) /(0 0 m-—ml 0 
0 OV/\O m-—mlI)’ 0 m-ml 


be a n-n set linear algebra over the set S = {0, 1, 1 —I}. 


mez'| 
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Take 
m-mlI 0) (0 0 
w= 
{ 0 7 F ae 


W is a pseudo n-n set vector subspace of V over S. 


merz’| EV: 


Example 2.3.18: Let V = {m+ ml | m € 2Z"} be a n-n set linear 
algebra over the set S = {0, 1, 1—I} C N(Z). Take W = {3 + 3], 
3 —31,5—51,5 +5], 27 + 271, 0} CV. W is only a pseudo n-n 
set vector space over the set S = {0, 1, 1—I} CN(Z). 


Example 2.3.19: Let V = {2Z1, 2Z, 2nZ + 2mZI | m,n € Z"} ¢ 
N(Z) be a n-n set linear algebra over the set S = {0, 1, 1 — I}. 
Take W = {2Z]I, 2Z} c V; W is a pseudo n-n set vector 
subspace of V over the set S. 


Now we define yet another new substructure. 

DEFINITION 2.3.6: Let V be a n-n set linear algebra over the set 
S < N(Z). Let W —V be a proper subset of V and T CS be a 
proper subset of S. If W is a n-n subset linear algebra over T 
then we call W to be a n-n subset linear subalgebra of V over 
the subset T of S. 


We will illustrate this by some simple examples. 


Example 2.3.20: Let 
v= m-—ml 0 0 0 m-—ml 0 
0 m—-ml 0)\m-ml 0 m-—ml }’ 


m,-m JI m,-m,I 0 
m,—m,l m,—-m,I m,—m,I 


m,,meZ* vjisiss| 


be a n-n set linear algebra over the set S = {0, 1, 1 —I} CN(Z). 
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Take 
0 m-—ml 0 
We meZ tb cV. 
oo 0 | 


W is a n-n set linear algebra over the subset T = {0, 1 — I} of S. 
Hence W is an-n subset linear subalgebra of V over T. 


Example 2.3.21: Let V = {2Z'T, 7Z'l, 3Z'1, 5Z'T} C N(Z) bea 
n-n set linear algebra over S = Z’ lL. W = {221} CVisan-n 
subset linear subalgebra of V over the subset P = 3Z" I of S. 


We now proceed onto define the notion of pseudo n-n subset 
vector subspace of a n-n set linear algebra. 


DEFINITION 2.3.7: Let V be a n-n set linear algebra over the set 
S c N(Z). Let W be a subset of V and if W is a n-n set vector 
space over a subset T of S then we define W to be a pseudo n-n 
subset vector subspace of V over the subset T of S. 


We illustrate this definition by some examples. 
Example 2.3.22: Let V = {m—mlI|m € Z' U {0!} be a n-n set 
linear algebra over the set S = {0, 1, 1 — I} c N(Z). Take W = 
{5 — 5I, 28 — 281, 40 — 401, 0, 18 — 181} < V; W is a pseudo n-n 
subset vector subspace of V over the subset T = {0, 1 —I} of S. 
Example 2.3.23: Let 

V= 

m-—mlI 0 

such thatm € Z’ U {0} be an-n set linear algebra over the set S 
= {0, 1, 1-T}. 


Take 
Si 5—5I 0\(8-81 0\ (7-71 0 
~\(5—5r ofl 8-8 o/|7-71 0) 
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25-251 0)\/(0 0 
; CV; 
25-251 0) \0 0 
W is a pseudo n-n subset vector subspace of V over the subset T 
= {0,1 —I} of S. 


Now we proceed onto define the notion of linear transformation 
and linear operator of n-n set vector spaces defined over a set S 
Cc N(Z). 


DEFINITION 2.3.8: Let V and W be any two n-n set vector 
spaces over the same set S C N(Z). A map T: V > W is said to 
be a n-n set linear transformation of V into W if T (I) = I and T 
(av) = aT (v) for every a € S and for every v € V. IfW =V in 
this definition we call T from V to V to be a n-n set linear 
operator of V. 


We illustrate this by some simple examples. 


Example 2.3.24: Let V = {2 + 21, 8 + 81, 27 + 27I, 45 + 45], 0, 
35 + 35I} and W = {0,1 + I, 6 + 61, 20 + 201, 49 + 49], 26 + 
26], 11 + 111, 8 + 81, 17 + 171} be two n-n set vector spaces 
defined over the set S = {0, 1, 1 -I} C N(Z). 


Define T: V > W by T (0) = 0; 
T(2+ 21)=6+ 61 
T(8+ 81) =20+ 201, 
T(27 + 27D) = 26 + 261 
T(45 + 451) = 49 + 49] and 
T(35 + 35D =11 4111. 


T is an-n set linear transformation of V to W. 
Example 2.3.25: Let V = {0, 2m + 2ml, 5m + 5mI|m € Z’} be 
a n-n set neutrosophic vector space over S = {0, 1, 1 -I} and W 


= {27m + 27ml, 0, 8m + 8mI | m € Z’} be a set neutrosophic 
vector space over te set S = {0, 1, 1 — I}. 
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Define T: V > W as T (0) = 0. 
T(2m + 2mlI) = 8m + 8m. 
T(5m + SmI) = 27m + 27m! 
then T is an-n set linear transformation of V into W. 


Now we give some examples of n-n set linear operators on V, V 
a n-n set vector space defined over the set S. 


Example 2.3.26: Let V = {7 + 7I, 0, 21 + 211, 63 + 63], 31, 9I, 
271, 451, 631, 151} be a n-n set vector space over the set S = {0, 
1,1-T}. 
Define T: V > V by 
T(0) =0 
Td) =I 
T7471) =21+211 
T(21 + 21D = 63 + 631 
T(63 + 631) = 631 
TI = 9I 
T(9I) = 271 
T(45D) = 151 
T(271D = 271 
T(15D = 451 and 
T(63]) = 63 + 631. 


T is an-n set linear operator on V. 


Example 2.3.27: Let V = {2ZI, 81ZI, 47ZI, 0} be a n-n set 
vector space over the set S = 2Z"" I. 

T:V—> Vas follows: 

Define T (0) = 0 


T(2ZI) = 47ZI 
T(81Z]) = 2ZI 
T(47ZD = 81ZI, 
T is an-n set linear operator on V. 


DEFINITION 2.3.9: Let V and W be n-n set linear algebra 
defined on the same set S C N(Z). A map T: V > Wiis said to a 
n-n set linear transformation from V to W if the following 
conditions are satisfied: 
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TD) =1 
T(V, + Vx) = T (Vv) + T (v2) 
T(av) = aT (v) 
for all vi, v2, vEVandaeS.IfW=V then the n-n set linear 
transformation is defined to be an-n set linear operator on V. 


We shall illustrate this situation by the following examples: 


Example 2.3.28: Let 


V= ee 3} mez: 10) 


and W = {m —- ml | m € Z’ uU {0} be two n-n set linear 
algebras over the set S = {0, 1, 1 —I} CN(Z). 
Define T: V > W by 


m-ml 0 
T = 2m — 2ml 


m-ml 0 
eV 
0 0 
and T(0) = 0. Thus T is a n-n set linear transformation of V into 
W. 


for every 


Example 2.3.29: Let V = {2ZI} and 


2Z1 0 
W= 
{ 0 m- “fl 


be two n-n set linear algebras over the set S = {0, 1, 1-I} c 
N(Z). 


meZ' -a}} 


Define T: V > W by 
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2Z1 0 0 0 
rez =[ : | and T(0) = [ ; a 


T is an-n set linear transformation of V into W. 


Example 2.3.30: Let 


ZI 2Z1 3Z]I 
V=5|2ZI 0 0 
3ZI_ (OO 0 


be a n-n set linear algebra over the set S= ZU {0}. 
Define a map T: V> V 


0 0 0 0 
T/O0 0 O};=/0 
0 0 0 0 


oo oOo Oo 
oO oOo Oo 


ZI 2Z1 3Z]I 2Z1 4ZI 6ZI 
T|2ZI 0 0 |=|4ZI 0 0 
3ZI_ =O 0 6ZI 0 0 


It is easily verified that T is a n-n set linear operator on V. 


Example 2.3.31: Let V = {12ZI} be a n-n set linear algebra over 
the set S=2Z'I c N(Z). 

Define T: V > V by T(12ZI]) = 24ZI; it is easily verified to be a 
n-n set linear operator on V. 


DEFINITION 2.3.10: Let V and W be n-n set linear algebras 
over the set S C N(Z). If T: V > W be a n-n set linear 
transformation of V into W such that T preserves atleast one n-n 
set linear subalgebra of V then we define T to be a weak n-n set 
subalgebra preserving linear transformation. If T preserves 
every n-n Set linear subalgebra of V then T we define T to be a 
strong n-n set subalgebra preserving linear transformation. If 
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W = V then we call T to be a strong (weak) n-n set subalgebra 
preserving operator on V. 


We shall illustrate these concepts by some examples. 


Example 2.3.32: Let V = {m—mI|m € Z’ u {03} and 
m-— ml 0 
W- 
(Geese oe 


be two n-n set linear algebras over the set S = {0, 1, 1-I} c 
N(Z). If T: V > W be such that 


me Z* 19) 


ae 0 
T(m — ml) = 


m-ml m-ml 


0 0 
r0)=(} ; 


then T is a strong n-n set subalgebra preserving linear 
transformation of V into W. 


and 


Example 2.3.33: Let V = {ZI} and W = {5ZI} be two n-n set 
linear algebras over the set Z’ I U {0}. The map T: V > W 
given by T(0) = 0, TU) = SI is a strong n-n set subalgebra 
preserving linear transformation of V into W. 


Example 2.3.34: Let V = {m — ml, 0 | m € Z’} be a n-n set 
linear algebra over the set S = {0, 1, 1 —-2I}. The map T: V> V 
such that T(m — ml) = 2m — 2mlI, for every m —- mI € V is a 
strong n-n set subalgebra preserving linear operator on V. 


Now we proceed onto define the notion of generator for n-n set 
vector space and n-n set linear algebra. 
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DEFINITION 2.3.11: Let V be a n-n set vector space over the set 
S cCN(Z). Suppose B — V is a non empty subset of V such that 
every v € V can be represented by v= sb for some b € Band s 
€ S then we call B to be the n-n generator set (or n-n 
generating set) of V over the set S. 


We illustrate this by some simple examples. 


Example 2.3.35: Let V = {3 31, 0, 7+ 71, 15 + 151, 20 + 201} 
Cc N(Z) be a n-n set vector space over the set S= {0,1,1-D}.c 
N(Z). Take B = {3 + 31, 7 + 71, 15 + 151, 20 + 201} CV. It is 
easily verified B is a n-n generator of V over the set S. 


Example 2.3.36: Let V = {2ZI, 0, 15ZI} < N(Z) be the n-n set 
vector space over the set S = Z'I c N(Z). Take B = {+2I, +15], 
0} < V, B is n-n generator set V over the set S. 


DEFINITION 2.3.12: Let V be a n-n set linear algebra over the 
set S CN(Z). Let C CV be a subset of V such that every element 
v € V can be represented as v = sc or v= dase for some S, S; 


€ S and c, c; € C then we call C to be a n-n generator set 
(generating set) of the n-n set linear algebra V over the set S. 


We illustrate this by some simple examples. 


Example 2.3.37: Let V = {m—mlI|m € Z’ U {0}} be an-n set 
linear algebra over the set S = {0, 1, 1 —I}. Take C = {m-— ml | 
m € Z'} c Vis the n-n generator set of V over S. 


Example 2.3.38: Let V = {2ZI} c N(Z) be a n-n set linear 
algebra over the set S = Z’ Cc N(Z). Let C = {4 2I} CV, Cisa 
n-n generator set of V over the set S = Z’ c N(Z). When the n-n 
generator set C of V (V; n-n set linear algebra or V a n-n set 
vector space) has finite number of elements in C then we say V 
has n-n finite generator C. If C has infinite cardinality then we 
say V has n-n infinite generator set. 


og 


2.4 Mixed Set Neutrosophic Rational Vector Spaces and 
their Properties 


In the section we introduce the notion of mixed (pure) set 
neutrosophic rational vector space and describe some of their 
properties. Throughout this book Q(I) denotes the neutrosophic 
rational field; 1.e., Q = QU) = {a + bl | a, b € Q}. PN(Q) 
contains only neutrosophic rational numbers of the form {a + bl 
|b #0 anda, b € Q}. So PN(Q) hereafter will be known as pure 
set neutrosophic rational numbers. 


DEFINITION 2.4.1: Let V <N(Q) (PN(Q)) be a proper subset of 
N(Q) or V contains elements from N(Q) (PN(Q)) (V <Q). Let S 


CN(Q) be a proper subset of N(Q). We say V is a mixed (pure) 
set neutrosophic rational vector space over S if sv € V for every 
s €Sandvey. 


Example 2.4.1: Let 
gs 3 21 4 19 191 27 271 


b] b) b] 


i oD Oe eS 
fiAas-4er ee cN(Q). 
ie 13 5 
Take 
11 1U 


S= {0, 1, a 1-IT} cN(Q). 


It is easily verified V is a pure set neutrosophic rational vector 
space over the set S. 


Example 2.4.2: Let 


v={ 27 27 271 48 48 481 191 8I 


>; a |i anne eee Lee CN 
3 tee af. ni =| (Q) 


be a mixed set neutrosophic rational vector space over the set S 
= {0, 1, 1-T}. 
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Now we proceed to define mixed (pure) set neutrosophic 
rational linear algebra over the set S c N(Q). 


DEFINITION 2.4.2: Let V c N(Q) (or V contains entries from 
N(Q)) be a mixed (pure) set neutrosophic rational vector space 
over a set S < N(Q). If in V we have for every v, u. EeVurt+yv 
and vy + u € V then we call V to be a mixed (pure) set 
neutrosophic rational linear algebra over the set S. 


We shall illustrate this by the following examples: 


Example 2.4.3: Let V = {m— ml |m € Q} c PN(Q) U {0}. V 
is a pure set neutrosophic rational linear algebra over the set S = 
Example 2.4.4: Let 


{0,1,1-I, I}. 
v= QI aL med): 
m-— ml QI 


V is a pure set neutrosophic rational linear algebra over S = {0, 
1,1-T}. 


Example 2.4.5: Let V = {QI Q, Q+ QI} = {ml, n, t + pI | m, n, 
t, p € Q} c N(Q). V is a mixed set neutrosophic rational linear 
algebra over S = {1,0,1-[}. 


Remark: The following facts are interesting about these new 
structures. 


(1) We can define them over Q or N(Q) or PN(Q); we do 
not want to distinguish it by different names. We have 
to show that they are different whenever the set over 
which they are defined are different. However the 
reader can know the difference by the context. 
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(2) We have just saidS CN(Q)soScZorScQorSc 
N(Q) and S c Q. But while studying the reader can 
understand over which they are defined. 

(3) Further we understand all mixed (pure) set neutrosophic 
integer vector spaces (linear algebras) are mixed (pure) 
set neutrosophic rational vector spaces (linear algebras). 
However the mixed (pure) set neutrosophic rational 
vector space (or linear algebra) in general is not a mixed 
(pure) set neutrosophic integer vector spaces (or linear 
algebras). 

(4) The notion of n-n set integer vector space is merged in 
case of neutrosophic set rational vector space. 


However the difference in the structure is evident to any reader. 


Now we proceed onto define the substructures of these new 
Structures. 


DEFINITION 2.4.3: Let V be any mixed set neutrosophic rational 
vector space over the set S < N(Q). Let W be any proper subset 
of V. If W is a mixed set neutrosophic rational vector space over 
S, then we define W to be a mixed set neutrosophic rational 
vector subspace of V over S. 


We will illustrate this by some simple examples. 


Example 2.4.6: Let 


y= {5_ 51 20_ 201 20 21 2S 9 48_ 481 
aa Viale me ieee ce ane aa | a 
122 1221 122 


BP S131 SNQ) 


be a mixed set neutrosophic rational vector space over S = {0, 1, 
1 —I}. Take 


w= {0 20 20 201 55 SI 


+ ae a So <N(Q). 
oo F733 +s (Q) 
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W is a mixed set neutrosophic rational vector subspace of V 
over S. It is interesting to note that every subset of V need not in 
general be a mixed set neutrosophic rational vector subspace of 
V over S. 
For take 


W, is not a mixed set neutrosophic rational vector subspace of 
V over S as 


I 
= ad hoa shed = ewe 
it "OY o> 3 


Example 2.4.7: Let V = {m— ml, mI | m € Q’ U {03} be the 
pure set neutrosophic rational vector space over the set S = {0, 
1,1, 1 — I} C N(Q). Take W = {mI |m e€ Q’U {03} CV; Wisa 
pure set neutrosophic rational vector subspace of V over S. 


DEFINITION 2.4.4: Let V be a set neutrosophic rational linear 
algebra over the set S < N(Q). Let W be a subset of V; if Wis a 
set neutrosophic rational linear algebra over the set S < N(Q) 
then we call W to be a set neutrosophic linear subalgebra of V 
over the set S. 


We will illustrate this by some examples. 


Example 2.4.8: Let V = {0, m — mI | m € Q’} be a set 
neutrosophic set linear algebra over the set S = {0, 1, 1-T}.c 
N(Q). 

Take W = {0, 3m — 3ml | m € Z'} c V; W is a set 
neutrosophic rational linear subalgebra of V over S. Infact W is 
a set neutrosophic integer set linear subalgebra of V over S. 
Take W, = {0,m—mI|me {1/2n} |neZ} CV. W, isaset 
neutrosophic rational linear subalgebra of V over S. 

Infact W,; is not a set neutrosophic integer set linear 
subalgebra of V over S. 


2S) 


Example 2.4.9: Let 


vero 


be a set neutrosophic rational linear algebra over the set S = {0, 


1,1,1-T}. 
m-ml 0 
W= 
0 0 


Take 
W is a Set neutrosophic rational linear subalgebra of V over S. 


wf 


is also a set neutrosophic rational linear subalgebra of V over S. 


pmeg’ Ute} 


mea’ vi EN: 


p<’ via 


DEFINITION 2.4.5: Let V be a set neutrosophic rational vector 
space over the set S. Suppose W CV is such that W is a set 
neutrosophic rational vector space over a proper subset T CS; 
then we call W to be a subset neutrosophic rational vector 
subspace of V over the subset T of S. 


We will illustrate this by some examples. 


Example 2.4.10: Let V = {5 — SI, 0, 251, 41 — 41], 60 — 601, 60, 
601} be a set neutrosophic rational vector space over the set S = 
{0, 1, I, 1 -I}. W = {0, 60, 601, 60 — 601, 251} c V is a subset 
neutrosophic rational vector subspace of V over {0, I, 1 —I} =T 
eS; 


Example 2.4.11: Let 
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we 251 O 0 9-91)(S5I 21-21 
0 41)\8-81 O /\ 481 51-511)’ 


0 0\(5I 0\(0 21-211 
0 0) \ 481 0)}'\0 51-511 


be a set neutrosophic rational vector space over the set S = {0, 


1 en 
0 O 5I 0)\/25I O 
W= j ; EN. 
0 0)\ 481 O 0 4iI 


Take 
is a subset neutrosophic rational vector subspace over T = {0, I} 
ES. 


Now we proceed onto define yet another new substructure. 


DEFINITION 2.4.6: Let V be a set neutrosophic rational vector 
space over the set §. Let W —V be a proper subset of V if W is a 
set neutrosophic rational linear algebra over the set S; then we 
call W to be a pseudo set neutrosophic rational linear 
subalgebra of V over the set S. 


We illustrate this situation by some examples. 
Example 2.4.12: Let 


V = {25p — 25pl, 25, 25], = ~- 


0, oreh hee, 421|peZ} 
1 EG 3 
be a set neutrosophic rational vector space over the set S={0, 1, 
I, 1—T}. Let W = {25p — 25pl, 0 | p € Z'} c V. W is a pseudo 
set neutrosophic rational linear subalgebra of V over the set S. 
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Example 2.4.13: Let 


—_ m-—ml 0 22 221 421 881 
"83 83° 13° 9 


meQ v0 


0 m-—ml 


be a set neutrosophic rational vector space over the set S = {0, 
1, I, 1-I}. 


Take 
m-—ml 0 
W= 
{ 0 m-— ed 


W is a pseudo set neutrosophic rational linear subalgebra of V 
over the set S. 


mea vial cV, 


DEFINITION 2.4.7: Let V be a set neutrosophic rational linear 
algebra over the set S. Let W —V be a set neutrosophic rational 
linear algebra over a proper subset T of S. We define W to be a 
subset neutrosophic rational linear subalgebra of V over the 
subset T of S. 


We will illustrate this situation by some examples. 
Example 2.4.14: Let V = {m— mI | m € Q” U {03} be a set 
neutrosophic rational linear algebra over the set S = {Z'I, 0, 1 — 


I, 1} c N(Q). Choose W = {m—mlI|m eZ’ U {03} CV; Wis 
a subset neutrosophic rational sublinear algebra over the subset 
Example 2.4.15: Let 


T=427 1, 0V' eS. 
Vv 2ZI m-—ml Q" 
= me 
m-ml 3Z] 


be a set neutrosophic rational linear algebra over the set {1 — I, 
1,2 —2I, 5—5I,-191+ 19} =S. 
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Take 
16ZI 2m — 2ml 
W= meQ*;>cV; 
5m —5mlI 15ZI 


W is a subset neutrosophic rational linear subalgebra over the 
set T= {1-1,1,19-19I} cS. 

As in case of neutrosophic integer set vector spaces (linear 
algebras) we can define the notion of set neutrosophic linear 
transformation, set neutrosophic linear operator, — set 
neutrosophic subspace (sublinear algebra) preserving linear 
transformation and linear operator. Interested reader can 
construct examples of them as the analogous definition are 
identical. Now we proceed on to give the notion of set 
neutrosophic real set vector spaces and set neutrosophic real set 
linear algebra. 

Throughout this book N(R) will denote the set of all 
neutrosophic reals, i.e., N(R) = {a + bI | a, b € R}; PN(R) 
denote the pure neutrosophic reals 1.e., elements of the form {a 
+ bI | b #0; a, b € R}. Clearly PN(R) c N(R), R c N(R) but R 
< PN(R) and (R U I) = N(R) in our usual notation. 


DEFINITION 2.4.8: Let V < N(R) (or PN(R)) we say V is a set 
neutrosophic real vector space over a set S C N(R) if for every v 
€ Vand for every s ES, sv, vs € V. 


We will illustrate this by some examples. 
Example 2.4.16: Let V = {r—rl |r € R® Uf{0}} C N(R); Visa 
set neutrosophic real vector space over the set S = {RI} c 


PN(R). 


Example 2.4.17: Let 


59 


take S = {R'T}. V is a set neutrosophic real vector space over 
the set S. 


It is interesting to note that all neutrosophic integer set vector 
spaces and set neutrosophic rational vector spaces are also set 
neutrosophic real vector spaces. However when we work with 
real world problems according to need we can choose any of 
these set neutrosophic vector spaces. 


Further, as we do not need all the axioms of a neutrosophic 
vector space to be satisfied by these structures these structures 
can be realized as the most generalized structures in 
neutrosophic vector spaces. 


DEFINITION 2.4.9: Let V be a subset of N(R) or PN(R) (or has 
entries from N(R) or PN(R)). We say V is a set neutrosophic 
real linear algebra if 

1. for everyu, v €V,u+vandyv+u € Vand 

2. foreverys €Sandv €V;vsandsv €V. 


All set neutrosophic real linear algebras are set neutrosophic 
real vector spaces but a set neutrosophic real vector space in 
general need not be a set neutrosophic real linear algebra. 

We shall illustrate this by some simple examples. 

Example 2.4.17: Let 


5 2-21 0 | 
—J191+V19 0.14-0.141) 


20-201 0 
dT ANT. Axil 
0 23 231 i‘ 
V3 V3 
31 41-41] 
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20) SO) i Tea ah VI7_ NAT 
V5 V5 5 5 


be a set neutrosophic real vector space over the set S = {1, 1 —I, 
5 —5]}. 


We see clearly V is not a set neutrosophic real linear 
algebra over S. 


Example 2.4.18: Let 


Veto dm oat ne ena 


BB 


be a set neutrosophic real linear algebra over the set 


yo | a 


S= {1,1-], —-—, ——=}. 
V7 V7 V3 NB 
Example 2.4.19: Let 
ml 0 
V= | 3m 3m meR* 


—-—= m-m 
V2 V2 
be a set neutrosophic real linear algebra over the set 


Seti pone 22 Oi. an 


a a i Ja va" 


Now all substructures pseudo substructures and set neutrosophic 
real transformation, set neutrosophic real operator can be 
defined as in case of neutrosophic integer set vector space and 
set neutrosophic rational vector space. 


The following results can be easily proved by the reader. 
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(1) Set neutrosophic real vector space is not a set 
neutrosophic rational vector space or a neutrosophic 
integer set vector space. 

(2) {The class of neutrosophic integer set vector space} C 
{The class of set neutrosophic rational vector space} C 
{The class of set neutrosophic real vector space} — 
prove. 

(3) Study set neutrosophic real linear transformation of set 
neutrosophic real vector spaces V and W over a set S. 

(4) Study and obtain some interesting properties about set 
neutrosophic real linear operator of the set neutrosophic 
real vector space V over the set S. 

(5) Obtain interesting results about set neutrosophic real 
linear  transformation(operator) which preserves 
subspaces. 


Next we proceed onto define the new notion of 
neutrosophic modulo integers. (Z, U I) = {a + bI | a, b € Z,} = 
N(Z,) will denote the neutrosophic modulo integers. PN(Z,) = 
{a + bI | b € Z, \ {0}} denotes the pure neutrosophic modulo 
integers. 


DEFINITION 2.4.10: Let V C N(Z,) or a subset of PN(Z,) (V can 
be a set with has entries from N(Z,) or PN(Z,). Let S c N(Z,). 
We say V is a set neutrosophic modulo integer vector space if 
for every v € Vand s €S vs for sv is in V. 


We will illustrate this by some examples. 


Example 2.4.20: Let V = {0, 2, 6, 4, 61, 81, 101} C N(Z)2) and S 
= {0, 3} CNp. V is a set neutrosophic modulo integer vector 
space over the set S. 


Example 2.4.21: Let V = {0, 21, 81, 61, 41, 2, 4, 6, 8} C N(Zio0) 


and S c {0, 1, 2, I, 21} C N(Zjo). V is a set neutrosophic modulo 
integer vector space over the set S. 
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Example 2.4.22: Let V = {0, 1I, 21, 31, 41, 5I, 61} c N(Z,). S = 
{0, 1, I} G N(Z7). V is a set neutrosophic modulo integer vector 
space over the set S. 


DEFINITION 2.4.11: Let V CN(Z,) (or V has entries from N(Z,,)) 
and S < N(Z,). If V in addition being a set neutrosophic modulo 
integer vector space over S§ satisfies the condition, that for every 
pairv,u €V,u+vandy+tu é€ VJ; then we call V to be a set 
neutrosophic modulo integer linear algebra over S. 


We illustrate this by some simple examples. 


Example 2.4.23: Let V = {0, I, 21, 3], 41, 5I, 61, 71, 81, 91, 101} 
Cc N(Z;,) and S = {0, 1, I, 5, 3, 21, 61, 81} CC N(Zj,). V is a set 
neutrosophic modulo integer linear algebra over S. 


Example 2.4.24: Let V = {0, 21, 41, 61, 81, 101, 121, 141, 161} 
N(Zis), S = {0, 1, 2, 4, 8, 21, 61, 101}. V is a set neutrosophic 
modulo integer linear algebra over S. 


Example 2.4.25: Let V = {0, 1 + 91, 2 + 8I, 3 + 7I, 4 + 6, SI, 8 
+ 2], 7 + 31, 6 + 41, 1+ 9} C N(Zjo). V is a set neutrosophic 
modulo integer linear algebra over S = {0, 1, 1 + 91, 1+ 9} c 
N(Zio). 


It is left as an exercise for the reader to prove “A set 
neutrosophic modulo integer vector space in general is not a set 
neutrosophic modulo integer linear algebra and every set 
neutrosophic modulo integer linear algebra is a set neutrosophic 
modulo integer vector space”. 


Example 2.4.26: Let V = {I, 0, 21, 81, 241, 171, 17, 221} c 
N(Zps) and S = {0, 1, I} G N(Zys). V is a set neutrosophic 
modulo integer vector space over S only and is not a set 
neutrosophic modulo integer linear algebra over S. 


Now we proceed on to define set neutrosophic modulo 
integer vector space. 
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DEFINITION 2.4.12: Let V c N(Z,) be a set neutrosophic 
modulo integer vector space over the set S c N(Z,,). Suppose W 
CV isa proper subset of V such that W is a set neutrosophic 
modulo integer vector space over S then we define W to be a set 
neutrosophic modulo integer vector subspace of V over S. 


We will illustrate this by some examples. 


Example 2.4.27: Let V = {2, 0, 41, 261, 141, 4, 121, 201, 20, 24, 
241} c N(Zs) be a set neutrosophic modulo integer vector 
space over the set S = {0, 1, I} C N(Z28). Take W = {0, 41, 121, 
201, 261, 141} c V; W is a set neutrosophic modulo integer set 
vector subspace of V over S. 


Example 2.4.28: Let V = {3], 0, 61, 211, 91, 3, 9, 6, 181} c 
N(Z7) and S = {0, 1, 31, 3} Cc N(Z,7). V is a set neutrosophic 
modulo integer vector space over the set S. Take W = {0, 3, 3], 
61, 181, 91} < V; W 1s a set neutrosophic modulo integer vector 
subspace of V over the set S. 


Now we proceed onto define the notion of subset neutrosophic 
modulo integer vector subspace of V over a subset T of S. 


DEFINITION 2.4.13: Let V c N(Z,) be a set neutrosophic 
modulo integer vector space over the set S C N(Z,). Let W CJ; 
W is said to be a subset neutrosophic modulo integer vector 
space of V over the subset T of S if W is a set neutrosophic 
modulo integer vector space over the set T. 


We will illustrate this by some examples. 


Example 2.4.29: Let V = {0, 31, 12, 41, 5I, 4, 121, 101, 5, 3} c 
N(Z\s) be a set neutrosophic modulo integer vector space over 
the set S = {0, 3, 31, 5, 51} GC N(Zis). Take W = {0, 3], 3, 51, 5} 
c V and T = {0, 3, 31} cS. W is a subset neutrosophic modulo 
integer vector subspace of V over the subset T of S. 
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Example 2.4.30: Let V = {0, 1, I, 18, 181, 16, 161, 13, 131, 20, 
201} c N(Z,3) be a set neutrosophic modulo integer vector 
space over the set S = {0, 1, I} C N(Z3). Take W = {0, 20, 201, 
16, 161, 13, 131} c V and T = {0, I} c S, W is a subset 
neutrosophic modulo integer vector subspace of V over the 
subset T of S. 


It is important and interesting to note that all set neutrosophic 
modulo integer vector spaces have only finite number of 
elements in them. It also implies the set neutrosophic generator 
subset of a set neutrosophic modulo integer vector space is 
always finite. 


DEFINITION 2.4.14: Let V c N(Z,) be a set neutrosophic 
modulo integer vector space over the set S C N(Z,). Let W cV 
be such that W is a set neutrosophic modulo integer linear 
algebra over S§ then we call (or define) W to be a pseudo set 
neutrosophic modulo integer linear subalgebra of V over S. 


We will illustrate this situation by some examples. 


Example 2.4.31: Let V = {0, 21, 41, 61, 81, 101, 121, 141, 16], 
181, 17, 171, 11, 111, 191} c N(Zp0) and S = {0, 1, 21, I} c 
N(Z»0). V 1s a Set neutrosophic modulo integer vector space over 


Take W = {0, 2], 4I, 6I, 81, 101, 121, 141, 161, 181} c V; W 
is a pseudo set neutrosophic modulo integer linear subalgebra of 
V over the set S. 

Take W, = {0, 41, 81, 121, 161} c V; W, is a pseudo set 
neutrosophic modulo integer linear subalgebra of V over S. 


Example 2.4.32: Let V = {0, 31, 3, 61, 91, 121, 151, 181, 211, 241, 
271, 12, 18, 21} Cc N(Z30) be a set neutrosophic modulo integer 
vector space over the set S = {0, 1, I} C N(Z30). 

Take W = {0, 31, 61 91, 121, 151, 181, 211, 241, 271} c V. W 
is a pseudo set neutrosophic modulo integer linear subalgebra of 
V over S. 
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Now we proceed on to define the notion of substructures in set 
neutrosophic modulo integer linear algebras. 


DEFINITION 2.4.15: Let V c N(Z,) be a set neutrosophic 
modulo integer linear algebra over the set S c N(Z,). Suppose 
W CV and if W is a set neutrosophic modulo integer linear 
algebra over the same set S C N(Z,,); the we define W to be a set 


neutrosophic modulo integer linear subalgebra of V over the set 
S. 


We shall illustrate this situation by some examples. 


Example 2.4.33: Let V = {0, I, 21, 31, 41, ..., 231} C N(Z24) be a 
set neutrosophic modulo integer linear algebra over the set S = 
{0, 1, I, 21} C N(Z24). Take W = {0, 21, 41, 61, 81, 101, 121, 141, 
161, 181, 201, 221} c V; W is a set neutrosophic modulo integer 
linear subalgebra of V over the set S Cc N(Zpa). 


Example 2.4.34: Let V = {7nl, 0| n= 1, 2, ..., 6} C N(Zao); 1.€., 
V = {0, 71, 141, 211, 281, 351, 421} Cc N(Z4o) over the set S = {0, 
3, 1, I, 21 C N(Z49). V is a set neutrosophic modulo integer 
linear algebra. But V has no set neutrosophic modulo integer 
sublinear algebra over S. 


Example 2.4.35: Let V = {0, I, 21, ..., (p-— DE} C N(Z,) be a set 
neutrosophic modulo integer linear algebra over S = {0, 1, 21, 
31, I, 51} c N(Z,). V has no set neutrosophic modulo integer 
linear subalgebras. 


Now we proceed onto define pseudo set neutrosophic modulo 
integer vector subspace of a set neutrosophic modulo integer 
vector linear algebra. 


DEFINITION 2.4.16: Let V c N(Z,) be a set neutrosophic 
modulo integer linear algebra over the set S c N(Z,). Suppose 
W CV; W is a subset of V such that W is a set neutrosophic 
modulo integer vector space over S then we define W to be a 
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pseudo set neutrosophic integer vector subspace of V over the 
set S. 


Example 2.4.36: Let V = {0, I, 21, 41, 31, ..., 241} CG N(Z»s) be a 
set neutrosophic modulo integer linear algebra over the set S = 
{0, 1, I, 1-I} GC N(Zs). Take W = {0, I, 41, 21, 241} CV; Wisa 
pseudo set neutrosophic modulo integer vector subspace of V 
over the set S. 


Example 2.4.37: Let V = {0, 1+ 61, 1+ 6,2 +5], 21+5,3 +41, 
4 + 31} c N(Z,) be a set neutrosophic modulo integer set linear 
algebra over the set S = {0, 1, I, 1 + 61} C N(Z,7). We see W = 
{0, 2 + 5I, 3 + 41} c V is a pseudo set neutrosophic modulo 
integer vector subspace of V over the set S. 


It is left as a research problem for the reader to characterize 
those set neutrosophic modulo integer linear algebra V over a 
set S such that every subset of V is a pseudo set neutrosophic 
modulo integer vector subspace of V over the set S. Now we 
proceed onto define the notions of subset neutrosophic modulo 
integer linear subalgebra and pseudo subset neutrosophic 
modulo integer vector subspace of a set neutrosophic modulo 
integer linear algebra over the set S. 


DEFINITION 2.4.17: Let V c N(Z,) be a set neutrosophic 
modulo integer linear algebra over the set S < N(Z,). Let W CV 
be a set neutrosophic modulo integer vector space over a subset 
T of S. We call W to be a pseudo subset neutrosophic modulo 
integer vector subspace of V over the subset T CS. 


We will illustrate this by some examples. 


Example 2.4.38: Let V = {0, 1 + 281, 28 + I, 2 + 271, 27 + 21, 3 
+ 261, 26 + 31, 4+ 25], 25 + 41, 5 + 241, 24 + 51, 6+ 231, 23 + 
61, 7 + 221, 22 + 71, 21+ 81,8 +211, 9+ 201, 20 + 9I, 19 + 101, 
10 + 191, 11 + 181, 18 + 111, 17 + 121, 12 + 17], 13 + 161, 16 + 
131, 14+ 15], 15 + 141} GC N(Z9) be a set neutrosophic modulo 
integer linear algebra over the set S = {0, 1, I, 1 + 28I} c 
N(Zp9). 
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Take W = {0, 1 + 28], 9 + 201, 15 + 141, 12 + 171, 7 + 221, 
3 + 261} c V and T = {0, 1, I} cS; W is a pseudo subset 
neutrosophic modulo integer vector subspace of V over the 
subset T of S. 


Example 2.4.39: Let V = {0, I, 21, 31, ..., 261} C N(Z27) be a set 
neutrosophic modulo integer linear algebra over the set S = {0, 
1, I, 1 + 261} GC N(Zo7). Take W = {0, I, 31, 61, 141, 111, 101} 
V and T = {0, 1, 1+26I} cS. W is a pseudo subset neutrosophic 
modulo integer vector subspace over the subset T of S. 


DEFINITION 2.4.18: Let V c N(Z,) be a set neutrosophic 
modulo integer linear algebra over a set S C N(Z,). Suppose W 
CV be such that W is a set neutrosophic modulo integer linear 
algebra over a subset T of S with cardinality of T greater than 
one i.e., |T| > 1, then we call W to be a subset neutrosophic 
modulo integer linear subalgebra of V over the subset T of S. 


We will illustrate this by some simple examples. 


Example 2.4.40: Let V = {0, I, 21, 31, 41, ... , 481} C N(Zag) be 
a set neutrosophic modulo integer linear algebra over the set S = 
{0, 1, 1, 7 + 241} C N(Zao). Take W = {0, 71, 141, 211, 281, 35], 
421} < V; and T= {0, 7 + 421} cS. W is a subset neutrosophic 
modulo integer linear subalgebra of V over the set T CS. 


Example 2.4.41: Let V = {0, 1+ 141, 144+ I, 2 + 131, 13 + 21, 
121 + 3, 31+ 12, 414+ 11, 111+ 4, 101+ 5, 51+ 10, 6+ 91, 61+ 
9, 71+ 8, 8 + 71} C N(Z\s) be a set neutrosophic modulo integer 
linear algebra over the set S = {0, 1, I, 1 + 141, 14 +1} c 
N(Z\s). Take W = {1 + 14], 14+], 0} c V and T= {0, 1, 1}; W 
is a Subset neutrosophic modulo integer linear subalgebra of V 
over the subset T cS. 


Now we study some more properties of set neutrosophic 
modulo integer linear algebra. 
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DEFINITION 2.4.19: Let V c N(Z,) be a set neutrosophic 
modulo integer linear algebra over the set S Cc N(Z,). If V has 
no proper subset W such that W is a set neutrosophic modulo 
integer linear subalgebra of V over the set S then we call W to 
be a simple set neutrosophic modulo integer linear algebra or 
set neutrosophic modulo integer simple linear algebra. 


We illustrate this situation by some simple examples. 


Example 2.4.42: Let V = {0, I, 21, 31, 41, 61, 71, 81, 91, 102} c 
N(Z,;) be a set neutrosophic modulo integer linear algebra over 
the set S = {0, 1, I, 1 + 101, 10 + 11, 5 + 61} GC N(Z;,). V has no 
proper subset W such that W is a set neutrosophic modulo 
integer linear subalgebra of V. Thus V is a simple set 
neutrosophic modulo integer linear algebra over the set S. 


Example 2.4.43: Let V = {0, 1 + 401, 40 + I} c N(Z4) be a set 
neutrosophic modulo integer linear algebra over the set S = {0, 
1,4 + 371, 37 + 41, I} cC N(Z4). V is a simple set neutrosophic 
modulo integer linear algebra over S. 


We now proceed onto define the notion of weakly simple set 
neutrosophic modulo integer linear algebra. 


DEFINITION 2.4.20: Let V c N(Z,) be a set neutrosophic 
modulo integer linear algebra over a set S C N(Z,). If V has no 
proper subset W such that W is a subset neutrosophic modulo 
integer linear subalgebra over any proper subset T of S then we 
call W to be a weakly simple set neutrosophic modulo integer 
linear algebra over the set S. 


We will illustrate this situation by some simple examples. 
Example 2.4.44: Let V = {0, I, 21, ..., 301} Cc N(Zs) be a set 
neutrosophic modulo integer linear algebra over the set S = {0, 


I}. V is a weakly simple set neutrosophic modulo integer linear 
algebra over the set S. 
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Example 2.4.45: Let V = {0, 3 + 12I} c N(Z)s5) be a set 
neutrosophic modulo integer set linear algebra over the set S = 
{0, I} c N(Z)5). V is a weakly simple set neutrosophic modulo 
integer linear algebra over S. 


THEOREM 2.4.1: Let V c N(Z,) be a set neutrosophic modulo 
integer linear algebra over a set S C N(Z,), | S| = 2 then V is a 
weakly simple set neutrosophic modulo integer linear algebra 
over S. 


Proof: Since | S | = 2 even if W c V is such that W is a set 
neutrosophic modulo integer linear subalgebra over S it cannot 
be a subset neutrosophic modulo integer linear subalgebra over 
a subset T of S as|S | =2 and|T | > 1 is not possible unless | T | 
=|S |. Hence the claim. 


THEOREM 2.4.2: Let V = {0, 1, .... (p— I) } CG N(Z,) where p is 
a prime be a set neutrosophic modulo integer linear algebra 
over a set S C N(Z,). V is both a simple set neutrosophic modulo 
integer linear algebra and a weakly simple set neutrosophic 
linear algebra. 


Proof: We see V has no subset W such that W is a set 
neutrosophic modulo integer linear subalgebra over S. So V is a 
simple set neutrosophic modulo integer linear algebra. 

Now since V has no set neutrosophic modulo integer linear 
subalgebras even if | S| > 2 still we cannot find W in V such 
that W is a set neutrosophic modulo integer inear algebra over 
any proper subset of S. Hence the claim. 

Now we proceed onto define the notion of set neutrosophic 
linear transformation of V, W c N(Z,) V and W neutrosophic 
modulo integer vector space and set neutrosophic linear 
operator on when W = V. 


DEFINITION 2.4.21: Let V and W be two set neutrosophic 
modulo integer vector spaces over a set S C N(Z,). A map T: V 
— W such that T(sv) = sT(v) for alls € S and v € V is defined 
to be a set neutrosophic modulo integer linear transformation V 
to W. 
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Let N(Hom;(V, W)) be the collection of all set neutrosophic 
modulo integer linear transformations from V to W = then 
|Ns(Hom (V, W)| < co. IfW = V then we call T: V > V to bea 
set neutrosophic modulo integer linear operator on V. 

Clearly |Ns(Hom(V, V))| < co where Ns(Hom(V, V)) denotes 
the collection of all set neutrosophic modulo integer linear 
operators from V to V. 


The interested reader is expected to construct examples. 


DEFINITION 2.4.22: Let V and W be two set neutrosophic 
modulo integer linear algebras over the set S < N(Z,). A map T: 
V > W is said to be a set neutrosophic modulo integer linear 
transformation of these linear algebras V and W if 


(1) Tix + y) = T(x) + TO) 
(2) T(ax) = aT (x); 
for allx, y € Vand for alla éS. 
If V = W, we call the map T to be a set neutrosophic modulo 
integer linear operator of V. 


DEFINITION 2.4.23: Let V and W be two set neutrosophic 
modulo integer linear algebras over the set S c N(Z,,). 

A set neutrosophic modulo integer linear transformation T 
is said to be a strong set neutrosophic modulo integer 
subalgebra preserving linear transformation if T preserves set 
neutrosophic modulo integer linear subalgebras of V, i.e., if P is 
a set neutrosophic modulo integer linear subalgebra of V and if 
T(P) = Q then Q is a set neutrosophic modulo integer linear 
subalgebra of W and this is true for every set neutrosophic 
modulo integer linear subalgebra P of V. 

If atleast one set neutrosophic modulo integer linear 
subalgebra P of V is preserved under a set neutrosophic modulo 
integer linear transformation T, then we call T; to be a set 
neutrosophic modulo integer subalgebra preserving linear 
transformation of V to W. 


It is left as an exercise for the reader to prove the following 
theorem: 
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THEOREM 2.4.3: Every strong set neutrosophic modulo integer 
linear subalgebra preserving linear transformation of V to W 
where V and W are set neutrosophic modulo integer vector 
spaces over a set S < N(Z,) is a set neutrosophic modulo integer 
linear subalgebra preserving linear transformation of V and W. 


Prove the converse is not true. 

Several interesting results on set neutrosophic modulo 
integer linear algebras over a set S Cc N(Z,). The task of 
obtaining interesting and innovative results is left as an exercise 
for the reader. 


We give an example of a different type of set neutrosophic 
modulo integer vector spaces. 


Example 2.4.46: Let 


31 41 71)/21 SI 91\/10l 0 O 


V= 5,0 21 91 ),, 0 101 ZI}; 91 71 0}, 
0 O 101)/\0 oO T 21 I 4! 
31 0 0 31 71 91\ (0 0 O 0 0 0 


0 8! O7},;0 O O7F,;8! I 7I},} 0 O O 
0 0 101) (0 O O 0 0 0) \6l 7I I 


where the entries of the neutrosophic matrices are from N(Z)1). 
Take S = {0, 1, I, 1 + 101, 10 + I} c N(Zj;). V is a set 
neutrosophic modulo integer vector space over the set S c 
N(Zi1). 


Example 2.4.47: Let 
718i 
21 0)\/121 31 O 
V = {0, 31, , | OI O |, 4, 
71 OI 0 41 SI 
101 111 
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31+10 21+10 0 
Al SI 0 
6I 71 0 
81 0 0 


where the entries in V are from N(Z\3). Take S = {0, 1, I, 1 + 
121, 1+ 12, 101 + 3, 31 + 10} Cc N(Z)3). V is a set neutrosophic 
modulo integer vector spaces over the set S c N(Z;;). 

It can also so happen that S is also a collection of 
neutrosophic matrices. 

In view of this we define the new concept of set 
neutrosophic modulo integer matrix vector spaces and set 
neutrosophic modulo integer linear algebras. 


DEFINITION 2.4.24: Let V = {Any collection of m x n matrices 
with entries from N(Z)} and S < N(Z); if V is such that for every 
M €Vands €S, sMand Ms é€ V then we define V to be a set 
neutrosophic integer matrix vector space over the set S. (m and 
n can vary depending on S). 


We will exhibit this by some examples. 


Example 2.4.48: Let 


we 31 0) (141 71\)( I 421) (161 121 
AI 7I}\ 41 21)'\ 231 551 }\-981 91 J’ 
(21, 41, 71), (0 0 71 141), (000 111 141 -D, 


21 O- -3I 161 21 0 O 
-41 [ -141},) -41 -I I -2I 
0 SI -7I)\-331 1 0 -7I 


the entries of the matrices are from N(Z). Take S = {1, I} c 
N(Z), V is a set neutrosophic integer matrix vector space; which 


oe) 


we can also call as set neutrosophic integer mixed vector space 
over S. 


Example 2.4.49: Let 


I 41 0)(0 0 O)\)/I O 9I 
V= 5/2 31 O},J0 0 O},,7 41 04, 
1 0 SI/\0 0 O/\1 O 2 
2\ (1101 431 470 
Ss) 8b 73 A 


N W © 
YN BR eS 


be the set of 3 x 3 matrices with entries from N(Z). Let 
1 0 0)/(I 0 0\/0 0 0 

S= 4/0 1 07,0 I 0O},0 O 0},0,1>. 
00 1)\0 0 I/\0 0 0 


V is also a set neutrosophic integer matrix vector space over S 
which is clearly not a mixed one. 

On similar lines we can define set neutrosophic rational 
matrix vector space over a set S or set neutrosophic real matrix 
vector space over S or a set neutrosophic complex matrix vector 
space over S or set neutrosophic modulo integer matrix vector 
space over S. Here we do not demand S to be a collection of 
neutrosophic numbers it can be matrices or row vectors. 

We shall illustrate each one of these by examples. 


Example 2.4.50: Let 
V= = 0,21 9 (0193 
- 17 7 8 


(191, 225, 0, I, -47, 5521), 
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0 21 
1 0 |, (0,0,0,0), (0,0,0,0,0), (0,0,0,0,0,0), 


i 21/15 a 


31 7/191 21/11 


0 0 
310 0 0 0\(0 0 
| 0 O}], ’ 
1/11 21/9 0 0 0)'\0 0 
0 0 


be a collection of some matrices with entries from N(Q) = (QU 
I). V is a set neutrosophic rational matrix vector space over the 
set S = {0, 1} c N(Q). Infact V is a set neutrosophic rational 
mixed matrix vector space over S. 


Example 2.4.51: Let 


oy ee ee 
7 
aii) (OO: 00 
OD FE Manic 
ae a? lo 0 0 oF 
ey 9. ar ae 
7/10 000 
41 UM 1 
5 3 Wl 
Al 
ie sad a ae 
fe de gs STO 0 15/4 0 0 
ol a Ge | CF 
141 O JI 0 _15] 21] 
0 121 0 1401 4 10 
7 23 
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-15I 0 us 0 
4 

0 191 O ae 

14 

0 0 -Ill az 

ej 


be the 4 x 4 neutrosophic matrices with entries from N(Q). 
Take 


1 0 0 0 I 0 0 0 

0 1 0 0 0 I 0 0 
S= {0, 1, I, 9 

00 1 0 00 1 0 

00 0 1 00 0 I 


V is a set neutrosophic rational matrix vector space which is 
clearly not a mixed one. 


Example 2.4.52: Let 


v= {(V2 1, 31,0, D, (VI7I, VI3 L, VI4L 0, 0, 0, 1), (0, 0, 0, 
0), (0, 0, 0, 0, 0, 0, 0), (V8 1, V7 I, 0,1, V5 D, (0, 0, 0, 0, 0), 


I 21 0 
(I, 61, V51, V6x,-V3D,| 0 —V71 V3I], 
V5 ol VSI 
| ia ou | 31 V21 
a Oe AT 
0 —J14 dita 


be a set of neutrosophic matrices with entries from the set N(R). 
Take S = {I, 1, 1 -], one Br c N(R). Clearly V is a set 
neutrosophic real matrix vector space over the set S. 
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Clearly V is a set neutrosophic real mixed matrix vector space 
over the set S. 


Example 2.4.53: Let 


V3 0 O J21 0 V7I 
v=4|./7 V5t o |,| 81 31 0 |, 
Jill I -101] |-141 0 VI7I 


00 0 I 4 I I VisI 41 
0 0 O|,/V3I I -I|,{0 V5I V13I 
000) | 1 Js1 V7) (0 oO 261 


be the set of 3 x 3 set neutrosophic matrix from the set N(R). 
Take 


0 0 0 0 1 0 0 
S=,/0 0 0),,0 I O},;0 1 OF, 
0 0 0)/\0 0 I 00 1 
1-I 0O 
O- Leal °0--),0,1 15: 
0 0 1-I 


Clearly V is set neutrosophic real matrix vector space over S. 
Example 2.4.54: Let 


V={34+4i,at+bl, 1-1, 5i+21, (6 + 5i) + (3 — 4), 0), 


Te 


a+bl 
0 


0, 0) 00 0 0 3+41 x+yl 0 10+I1 
* “(0 0 0 0)’ \ 141 10-51U -171 0 
be a set of mixed matrices with entries from N(C). Take S = {0, 
1} c N(C). V is a set neutrosophic complex matrix vector space 


over the set S. Infact V is a set neutrosophic complex mixed 
matrix vector space over the set S. 


0 0 0 
,(c + dl, I, e + fl, 0, 7 + 41), , (0, 0, 0, 
0 0 c+dl 


Example 2.4.55: Let 


—_ (5+3i1 0) (0 0) (2+7i)I 171 
0 71)? (0 0)’ 0 (3-Si)I)’ 


310 SI 41) (7il 18iI 
0 (7+i1)’ \G-DI 1)’ 41 (34401 


be a set of 2 x 2 neutrosophic matrices from the set N(C). Take 


S = {0, I I, +) ? > 
0 0 0 1 0 I 


clearly V is a set neutrosophic complex matrix vector space 
over the set S. 


Now we proceed on to describe the set neutrosophic modulo 
integer vector spaces. 


Example 2.4.56: Let 


V = {(, 31, 10D, (0, 41, 0, 0, 5D, d, 1, 0, 
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31 0 
(91, SI, 31, 41, 61, I, 0), 


I 2I 
21 11 
31 I 31 I 0 31 
I 31 I 31] {41 5I 
0 71] 


be a collection of mixed neutrosophic matrices with entries from 
the set N(Z,,). Take S = {1, 1, 1 + 101, 10+ 1) © N(Z)). V isa 
set neutrosophic modulo integer mixed matrix vector space over 
the set S. 


Example 2.4.57: Let 
31 41//41 3r]/o o]/é6r 1] 
yu Jf 2] E Styjo o)] st 41 
I SIVI6l 20))}0 OF} 21 31)’ 
21 I//5I 61/10 O|}] 41 2I 


I 61] [S51 21]| {21 S51] 
21 31/|3l I/){|41 6! 
5] 41] 41 61 
31 SI}| I 41} / 61 31] 


be a 4 x 2 neutrosophic matrices from the set N(Z7). Take S = 
{0. 1, I, 1 + 61, 1+ 6, 21 + 5, 5 + 21} c N(Z,). V is a set 
neutrosophic modulo integer matrix vector space over S. Clearly 
V is not a mixed one. 

Now we proceed onto define the simple notion of set 
neutrosophic real (integer, modulo integer, rational, complex) 
matrix linear algebra and set neutrosophic real (integer, modulo 
integer, rational, complex) mixed matrix linear algebra does not 
exist as in case of vector spaces. 
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We will define for one type of set say reals and the same 
definition holds good for all types of sets. 


DEFINITION 2.4.25: Let V be a collection of n x m real 
neutrosophic matrices 1 <m, n < oo with entries from N(R) once 
m and n are chosen they are fixed such that V is closed under 
matrix addition. Let S c N(R). If for every v € V ands €S, vs, 
sv €V then we call V to be a set neutrosophic real matrix linear 
algebra over the set S. 


On similar lines, integer, rational, complex and modulo integer 
linear algebras can be defined. 


We will illustrate these types by some examples. 


Example 2.4.58: Let 


ml nol 
V= m,n,s,t<€Z* 
tl sl 


be a set of 2 x 2 neutrosophic matrices with real entries. Take 


PS ee 
“UBL able rf 


V is a set neutrosophic integer matrix linear algebra over S. 


Example 2.4.59: Let 


0 0O)/nlI ol 
0 O;} nl ol 
V= ; neZ 
0 O;} nl ol 
0 O/)\nI ol 
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be a collection of all 4 x 2 neutrosophic matrices with entries 
from the set of neutrosophic integers N(Z). Take S = {0, 1, I, 5I, 
4, 8, 43, 71, — 141, 471, — 21} c N(Z). 


Clearly V is a set neutrosophic integer matrix linear algebra 
over the set S. 


Example 2.4.60: Let V = {(m+ ml, m+ml,m+mlI,...,m+ 
ml) | m € Q’ u {0}! be a 1 x n neutrosophic rational row 
vector. Take S = {0, Q’ I, Q°} c N(Q). V is a set neutrosophic 
rational matrix linear algebra over the set S. 


Example 2.4.61: Let 
ml 0 0 
V=4/ml mi 0 |/meQ* U{0} 
ml ml ml 


be the collection of 3 x 3 lower triangular neutrosophic matrices 
with entries from the set N(Q). Set 


0 0\(1 0 0 
S={0,1,/0 I O|/0 1 OI 
0 I}\lo 0 1 


oOo oOo 


V is a set neutrosophic rational matrix linear algebra over set S. 


Example 2.4.62: Let 


meR’* U{0} 


PBB E BB. 
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be the collection of 5 x 1 real neutrosophic column matrix. Let 
S = {0, 1, L R’, N(R’)} c N(R). V is a set neutrosophic real 
matrix linear algebra over the set S. 


Example 2.4.63: Let 


v= mI ml 0 O mI ml 
0 O/)}\mi mfI)’( nl nl 
be the special collection of 2 x 2 real neutrosophic matrices. 
Take 


S= {0,1,1,d-I T Rae ee 
{0, »L.d-D,@-rl)|re ) 0 10 I s 


We see V is a Set neutrosophic real matrix linear algebra over 
the set S. 


m,neR* VU om} 


Next we proceed onto give some examples of set neutrosophic 
modulo integer matrix linear algebra. 


Example 2.4.64: Let 


I 21|/21 41])/31 61]/41 81] [51 I 
oe 31 41}|6I 8I}|} 0 31]|31 71} | 61 21 
SI 61! | I 31) 121 61) | 71 317 


TL 8r} {st 71} | 31 orf, 1 sr] [st 41 


61 31] {71 5I]/ 81 71] 
0 61/|31 I||6l SI 
31 O/}] 81 6L}| 41 31 
61 31}|4I 21][21 1 


oo co SO 
oO oOo co SO 
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be a special collection of neutrosophic matrices with entries 
N(Zy). Take S = {0, 1, I, 1 + 81,8 +1, 3 + 61, 6 + 31} CN(Zo). V 
is a set neutrosophic modulo integer matrix linear algebra over 
the set S. 


Example 2.4.65: Let V = {(21, 31, 41, 61, 71, 101, D, (41, 61, 81, I, 
31, 9I, 20), (6I, 9, I, 71, 101, 81, 31), (81, I, SI, 21, 61, 71, 41), (101, 
AT, 9I, 81, 21, 61, 51), (1, 71, 21, 31, 91, 51, 61), (31, 101, 61, 91, SI, 
AT, 71), (SI, 21, 101, 41, I, 31, 8D, (71, 51, 31, 101, 81, 21, 91) (91, 
8I, 71, 51, 41, I, 101), (0, 0, 0, 0, 0, 0, 0) be a 1 x 7 neutrosophic 
row vector with entries from N(Z\,)}. Take S = {0, 1, I, 1 + 81, 
8+1,3+ 81, 8+ 31} Cc N(Z1). V is a set neutrosophic modulo 
integer matrix linear algebra over the set S. 


Now we give some examples of set neutrosophic complex 
matrix linear algebra over a set S c N(C). 


Example 2.4.66: Let V = {(ml, ml, ..., mI)|m eC} beal xn 
complex neutrosophic row vector with entries from the set 
N(C). Take S = {0, 1, I} c N(C). V is a set neutrosophic 
Example 2.4.67: Let 


complex matrix linear algebra over the set S. 
al O al\/(0O al O al bl al 
V= : ; a,beC 
0 al O/) \al O al) \bl al Ol 


be a collection of 2 x 3 neutrosophic complex matrices with 
entries from N(C). Let S = {0, I, 1, (1 —I)} C N(C). Clearly V is 
a set neutrosophic complex matrix linear algebra over the set S. 
Having defined set neutrosophic matrix vector spaces and 
linear algebras we can define their substructures, linear 
transformations and linear operators analogously. This can be 
taken up as a simple exercise by the reader. 


These matrix structures have applications in fields which 
include economic models, and neutrosophic bidirectional 
associative memories. 


83 


Next we proceed onto define the notion of set neutrosophic 
integer polynomial vector spaces and linear algebras. 


DEFINITION 2.4.26: Let N(Z) denote the set of neutrosophic 
integers. Let 


N(Z) [x] = {S: nx’ 


i=0 


n, en] 


and x an indeterminate and m € Z° U {0}, N(Z)[x] denotes the 
neutrosophic integer coefficient polynomials in the variable x. 
Similarly N(Q)[x] denotes the neutrosophic rational coefficient 
polynomials in the variable x and N(R)[x], the neutrosophic 
real coefficient polynomials in the variable x, N(C)[x] the 
neutrosophic complex coefficient polynomial in the variable x 
and N(Z,)[x] the neutrosophic modulo integer coefficient 
polynomial in the variable x. 


Further we see 
N(Z)[x] c N(Q)[x] c N(R)[X] c N(C)[X] 


the containment is strict; we will define only for one; viz. 
neutrosophic integers coefficient polynomials vector space and 
linear algebra. The reader can take the simple exercise of 
defining using other coefficients. However we will give 
examples for all cases which will make the situation simple and 
easy to understand. 


DEFINITION 2.4.27: Let V CN(Z)[x], and S < N(Z). We say V is 
a set neutrosophic integer coefficient polynomial vector space 
in the variable x if svand vs € V for every ve Vands ES. 

We will illustrate this by some simple examples. 


Example 2.4.68: Let 


V = {3+Dx? + (7 - 31x’? —5Ix + 12-171, 
Ix° + (1 — Dx? — 7Ix® + (15 — 21D)x’ — 10Ix + 3, 0, Ix’, 21x°, 
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(3 + 5Dx”', 27, -3 + 291, 491} C N(Z)[x]. 


Take S = {0, 1} Cc N(Z). V is a set neutrosophic integer 
coefficient polynomial vector space over the set S. 


The main advantage of using these structures is when we get a 
solution for certain equations which is not in the vector space V 
we can include it in V arbitrarily provided its scalar 
multiplication with S alone is compatible and nothing more. 
This sort of flexibility cannot be enjoyed by any of the algebraic 
structures. Hence these structures have advantage over them. 


Example 2.4.69: Let V = {Z'T[x]; that is ZI[x] consists of all 
polynomials in the variable x with coefficients from ZI} ¢ 
N(Z). 

Take S = 3Z'I c N(Z). V is a set neutrosophic integer 
coefficient polynomials vector space over the set S. 


The reader is given the task of defining set neutrosophic rational 
coefficient (real coefficient, complex coefficient and modulo 
integer coefficient) vector spaces over a suitable set S 
analogously. 


We will give examples of these four types of vector spaces. 
Example 2.4.70: Let V = {Q’I[x] U {0}} c N(Q)[x]. Take S = 
£Q*, QT} c N(Q). V is a set neutrosophic rational coefficients 


polynomial vector space over the set S. 


Example 2.4.71: Let 


i=0 


V= IS: (m, +m,])x' 


m, € Q| Cc NQ)X]. 
Take S = Q’ c N(Q). V is a set neutrosophic rational coefficient 
polynomial vector space over the set S. 


Example 2.4.72: Let 


85 


i 3 3,14, 4 
V={(= -8Dx°, (=+— Ix”, 
ee ater as 


cdl Be Ts BOL 7 43x5 201 1x”, 
13.7 7 


271 +3 (3+ 71) x*— 41x’ + 
48x° — (50 — I)x* + Ix? — (27 — 1) x + 48} c N(Q) [x]. 


Take S = {0, 1} c N(Q), V is a set neutrosophic rational 
coefficient polynomials vector space over the set S. 


Example 2.4.73: Let 


i=l 


a.€ c| c N(C) [x]. 


V= xo +a,])x' 


Set S = {0, 1} c N(C). V is a set neutrosophic complex 
coefficient polynomial vector space over S. 


Example 2.4.74: Let V = {0, 1, (5 — 3Dx, [(5 + 21) + (14 + 5p] 
x —[(-3 + 21) + (4-DI]x’ + [11 + 81) + G - 11D] x + Bi) + 
17 + 4i, [1 + 4i) + (21 — 5i)D) x’’, 28, 41, (11 + 4811} < 
[N(C)[x]. Set S = {0, 1} Cc N(C). V is a set neutrosophic 
complex coefficient polynomial vector space over S. 


Example 2.4.75: Let 


i=l 


nelanda, <r’| c N(R) [x]. 


Vv {Se +a])x' 


Set S = {0, 1, I, b— bI | b € R'} GC N(R). V is a set neutrosophic 
real coefficient polynomial vector space over the set S. 


Example 2.4.76: Let 


V = {apx + ax? +... +a,x", 0, 1, 
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V5 x + 17x? + 31+ 27)x3 — (41- V3) x* 
+ 481 x°—27, x°, V21x’, (481-4) x? 
+(V41 “Tx? = J20 where a; € R°} CNR) [x]. 


Take S = {0, 1} G N(R). V is a set neutrosophic real coefficient 
polynomial vector space over S. 


Example 2.4.77: Let 


V= {0,I+x, Ix+1, 
2x + Ix? + 3x + 3Ix 2x —3IxI+1+ 
(3 + 21x + 31—2)x? + 3x° + Ix*+x°} 
SE N(Za) [x]. 


Set S = {0, 1} c N(Z,). V is a neutrosophic modulo integer 
coefficient polynomial vector space over the set S. 


m2) 


Let S = {0, 1, I], 1 + 41, 1+ 4} Cc N(Zs). V is a set neutrosophic 
modulo integer coefficient polynomial vector space over the set 
S. 


Example 2.4.78: Let 


V= px - m,1)x' 


i=0 


Now we proceed onto define the notion of set neutrosophic 
polynomial linear algebra over a set S. 


DEFINITION 2.4.28: Let V CN(Z)[x] and S C N(Z). We say V is 
a set neutrosophic integer coefficient polynomial linear algebra 
over the set S if V is a set neutrosophic integer coefficient 
polynomial vector space and V is a semigroup with respect to 
addition; that is fora, b €V,a+bandb+a eV. 
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We can define analogously set neutrosophic real coefficient or 
rational coefficient or complex coefficient or modulo integer 
coefficient linear algebra over a set S. 


This task is left for the reader. However to make the concept 
clear we give examples of all these types of set neutrosophic 
polynomial linear algebras. 

Example 2.4.79: Let 


V= x — m,1)x' 


i=0 


m,¢€Z*,ne N} c N(Z)[x]. 


Set S = {0, 1, | m— ml} c N(Z). V is a set neutrosophic integer 
coefficient polynomial linear algebra over the set S. 
Example 2.4.80: Let 


v= p3 m,Ix' 


i=0 


meZuU | Cc N(Z)[x] 


and let S = {3Z'l, 13Z°} C N(Z). V is a set neutrosophic integer 
coefficient polynomial linear algebra over the set S. 
Example 2.4.81: Let 


V= [Sa — a,1)x' 


i=l 


a,eQ’u | SC N(Q)X] 


and S = {0, 1, 1 —I, 5/7 — 5/71} c N(Q). V is a set neutrosophic 
rational coefficient polynomial linear algebra over the set S. 
Example 2.4.82: Let 


VS bs a Ix! 


i=0 


a, €Z°U | S N(Q) [x] 
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and S = {0, 1, 3Z “Ii c N(Q). V is a set neutrosophic rational 
coefficient polynomial linear algebra over the set S. 


Example 2.4.83: Let 
. I i + 
V=4 >>] ——-—— |x'| 0, €Z* U {03> CNR) [x] 


and let S= {m—mI|m € R*} C N(R). Visa set neutrosophic 
real coefficient polynomial linear algebra over the set S. 


Example 2.4.84: Let 
Ve 5(4] Ix' |\/p ER* U{0}; qeR* + CNR)X] 
i=0 q 


and S = {pl|p e€ R*U {03} Cc N(R). V is a set neutrosophic 
real coefficient linear algebra over the set S. 


Example 2.4.85: Let 


i=0 


V= {o- ml)x’ 


me i} c N(Z7) [x] 


and S = {Z,I} c N(Z,). V is a set neutrosophic modulo integer 
coefficient polynomial linear algebra over the set S. 
Example 2.4.86: Let 


V= {Som 


i=0 


me z} Cc N(Zp3) [x] 
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and S = {-mIl+m|m € Z)3} c N(Z)3). V is a set neutrosophic 
modulo integer coefficient polynomial linear algebra over S. 


The interested reader is expected to define the properties like 
substructures, pseudo substructures, linear transformations and 
linear operators, analogously for set neutrosophic polynomial 
linear algebras of all types. 
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Chapter Three 


NEUTROSOPHIC SEMIGROUP LINEAR 
ALGEBRA 


In this chapter we for the first time introduce the notion of 
neutrosophic semigroup vector space, neutrosophic group vector 
space and the analogous neutrosophic linear algebras and 
describe a few of its properties. This chapter has two sections. 
Section one introduces the notion of neutrosophic semigroup 
vector spaces and section two introduces the notion of 
neutrosophic group vector spaces and their properties. Notions 
about neutrosophic semigroups and neutrosophic groups are 
given in chapter one of this book. 


3.1 Neutrosophic Semigroup Linear Algebras 
In this section we introduce the notion of neutrosophic 


semigroup linear algebras and neutrosophic semigroup vector 
spaces. Several interesting properties about them are derived. 
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DEFINITION 3.1.1: Let V be a neutrosophic set of integers (VC 
N(Z)). S any additive semigroup with 0. We call V to be a 
semigroup neutrosophic. vector space or neutrosophic 
semigroup vector space over S if the following conditions hold: 


(1) sv eV foralls €SandveV. 
(2) 0. v=0 EV forall v € Vand 0 €S; 0 is the zero vector. 
(3) (Ss; + 82) V=8; V+ S82 Vfor alls), 8s; € Sand ve V. 


Note: Even if S is just a semigroup without zero then also V is a 
neutrosophic semigroup vector space. The condition (2) of the 
definition will become superfluous. 


We will illustrate this situation by some examples. 


Example 3.1.1: Let V = {1-I, 0, 251, 37, 8 + 81, 471, 52 — 31, 46 
+ 231, 3} C N(Z). Take S = {0, 1, 1 —I} Cc N(Z). Clearly S is 
not a semigroup neutrosophic vector space over S. 


Thus we see here in example 3.1.1, S is not a semigroup. 


Example 3.1.2: Let V = {3Z° I} C N(Z) and S {ZU {03}, a 
semigroup under addition with 0. V is a neutrosophic semigroup 
vector space over the semigroup S. 


Example 3.1.3: Let V = {3ZI, 5ZI, 2ZI} c N(Z) and S = Z the 
semigroup under addition. V is a neutrosophic semigroup vector 
space over the semigroup S. 


Example 3.1.4: Let V = {m—mlI|m € Q’ vu {03} and S = {Qi} 
be the semigroup under addition. V is a neutrosophic semigroup 
vector space over the semigroup S. 


Example 3.1.5: Let V = {QI} c N(Q) and S = {m-—ml|me 


Q’ vu {03} c N(Q). V is a neutrosophic semigroup vector space 
over the semigroup S. 
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Example 3.1.6: Let V = {RI} C N(R) and S=R* vu {0} CR the 
semigroup under addition. V is a neutrosophic semigroup vector 
space over the semigroup S. 


Example 3.1.7: Let V = {m—mI|meR’ U {0}} andS=Q' U 
{0} the semigroup under addition. V is a neutrosophic 
semigroup vector space over the semigroup S or semigroup 
neutrosophic vector space over the semigroup S. 


Example 3.1.8: Let V = {0,1 +41,1+4,2+ 3L3+4+21}} c 
N(Zs) and S = {ZI} Cc N(Zs) be a semigroup, V is a 
neutrosophic semigroup vector space over the semigroup S. 


Example 3.1.9: Let V = {Q’I, ZB. c N(R) and S = Z the 
semigroup under addition. V is a neutrosophic semigroup vector 
space over the semigroup S. 


Now we proceed onto define substructures. 


DEFINITION 3.1.2: Let V cC N(R) and S Cc N(R) where S is a 
semigroup under addition such that V is a_ neutrosophic 
semigroup vector space over the semigroup S. 

Suppose W — V is a proper subset of V such that W is itself 
a neutrosophic semigroup vector space over the semigroup S 
then we call W to be a neutrosophic semigroup vector subspace 
of V or neutrosophic semigroup subvector space of V over the 
semigroup S. 


We will illustrate this situation by some examples. 
Example 3.1.10: Let V = {Q’T, ZI} c N(Q) and S = {ZT} c 
N(Q), a semigroup under addition. V is a neutrosophic 


semigroup vector space over S. Take W = {ZI} cV. 


It is easily verified W is a neutrosophic semigroup subvector 
space of V over S. 


Example 3.1.11: Let 


93 


3ZI =O 
V= ,m—ml,0|/meQ* 
0 2Z]I] 


and 2 x 2 matrices with diagonal elements from 3ZI and 2Z]} 
and S = ZI U {0} be a semigroup under addition. V is a 
neutrosophic semigroup vector space over S. Take W = {m — 
ml, 0 | m € Q’} c V. W is a neutrosophic semigroup vector 
subspace of V over S. 


DEFINITION 3.1.3: Let V be a neutrosophic semigroup vector 
space over the semigroup S. Suppose W CV be a proper subset 
of V and T CS be a proper subsemigroup of S with | T | > 1 
such that W is a neutrosophic semigroup vector space over the 
semigroup S then we call W to be a neutrosophic subsemigroup 
vector subspace of V over the subsemigroup T of S. 


We will illustrate this situation by some examples. 


Example 3.1.12: Let V = {ZI, R'T} c N(R) and S = {ZT} bea 
neutrosophic semigroup vector space over S. Take W = {R’ I} 
c Vand T= {3Z' I} c {Z' I} CS bea subsemigroup of S. W is 
a neutrosophic subsemigroup vector subspace of V over the 
subsemigroup T of S. 


Example 3.1.13: Let V = {R'T, QI, m— ml | m € Z"} c N(R) 
and S = {Q’'T} be a semigroup. Take W = {QI, m— mI |meé 
Z} < Vand T = {Z' I} CS. W isa neutrosophic subsemigroup 
vector subspace of V over the subsemigroup T of S. 


We see if a neutrosophic semigroup vector space has no 
neutrosophic subsemigroup vector subspace over the semigroup 
S then we define them to be simple. 


DEFINITION 3.1.4: Let V be a neutrosophic semigroup vector 
space over the semigroup S. If V has no neutrosophic 
subsemigroup vector subspace over any subsemigroup T of the 
semigroup S then we call V to be a neutrosophic semigroup 
simple vector space over S. 
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We will illustrate this situation by some examples. 


Example 3.1.14: Let V = {(00 0), 1 10), TID, (OTT), 01), 
(110), (1T10), O00D,d101D,0101),(1 11 1),(0000)} 
be a neutrosophic semigroup vector space over the semigroup S 
= {0, 1} where (1 + 1) = 1 . It is easily verified S has no 
subsemigroup T such that | T | > 1. So V is a neutrosophic 
semigroup simple vector space over S. 


Example 3.1.15: Let 


vfE IC OG IGT aC to 
eet baie eee 


be a neutrosophic semigroup over the semigroup S = {0, 1} with 


1 + 1 = 1. V is also a neutrosophic semigroup simple vector 
space over S. 


Example 3.1.16: Let V = {1 1 I), (0 0 0)} be a neutrosophic 
semigroup vector space over the semigroup S = {0, 1} with 1 + 
1 = 1. V is a neutrosophic semigroup simple vector space over 
S. 


DEFINITION 3.1.5: Let V be a neutrosophic semigroup vector 
space over the semigroup S. If V itself is a neutrosophic 
semigroup under addition, then we call V to be a neutrosophic 
semigroup linear algebra over the semigroup S, if s(v; + V2) = 
SV, + sVv2 for all Vv, v7in V and for alls €S. 


We will illustrate this by some examples. 


Example 3.1.17: Let V = {Z1 vu {03} x {Z‘TU {0}3 x {ZTU 
{Ol} x {ZT U {0}}. Take S = {3Z°T U {03} Cc N(Z). Both V 
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and S are semigroups under addition. So V is a neutrosophic 
semigroup linear algebra over the semigroup S. 


Example 3.1.18: Let 


b 
oe a C8 
defih 
and S = {Q’'Tu {03}. Both V and S are semigroups. Thus V is a 
neutrosophic semigroup linear algebra over the semigroup S. 


shedeteh eNO} 


The following theorem is left as an exercise for the reader to 
prove. 


THEOREM 3.1.1: Every neutrosophic semigroup linear algebra 
is a neutrosophic semigroup vector space; but in general a 
neutrosophic semigroup vector space is not a neutrosophic 
semigroup linear algebra. 


Now we proceed onto define the substructures in neutrosophic 
semigroup linear algebras. 


DEFINITION 3.1.6: Let V be a neutrosophic semigroup linear 
algebra over the semigroup S. 

Suppose W Cc V be a proper subset of V and W is a 
neutrosophic semigroup linear algebra over S then we call W to 
be a neutrosophic semigroup linear subalgebra of V over the 
semigroup S. 


We will illustrate this situation by some simple examples. 
Example 3.1.19: Let 


a, a, a, a 
VU 1 2 3 4 
ax sae “ay, Jay 


a. enigutsis 
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be a neutrosophic semigroup under matrix addition and S = Z" I 
U {0} c N(Q) be a semigroup, V is a neutrosophic semigroup 
linear algebra over the semigroup S. 


Take 
w= a, a, 0 a, 
a, 0 0 O 


W is a neutrosophic semigroup linear subalgebra of V over the 
semigorup S. 


a, eNiguisisal cV; 


Example 3.1.20: Let V = {(Q'1 VU {03) x (QD x (Q’'Tu {03) x 
QI} be a neutrosophic semigroup under component wise 
addition. Take S = (QI U {0}) c N(Q), a semigroup. V is a 
neutrosophic semigroup linear algebra over the semigroup S. 

Choose W = {(0} x QI x (QT U {03) x {08} CV, Wisa 
neutrosophic semigroup linear subalgebra of V_ over the 
semigroup S. 


DEFINITION 3.1.7: Let V be a neutrosophic semigroup linear 
algebra over the semigroup S and W —V be such that W is a 
proper subset of V and W is a neutrosophic semigroup linear 
algebra over the proper subsemigroup T of S, then we call W to 
be a neutrosophic subsemigroup linear subalgebra of V over the 
subsemigroup T of the semigroup S. 


We shall illustrate this by some examples. 


Example 3.1.21: Let 


{? : 
V= 

e. 3d 
and S = (QI U {0}) be neutrosophic semigroups. V is a 


neutrosophic semigroup linear algebra over the semigroup S. 
Take 


a,b,c,de€ no} 
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{: : 
W= 

c d 
and T = (ZT u {0) cS. W is a neutrosophic subsemigroup 


linear subalgebra of V over the subsemigroup T of the 
semigroup S. 


a,b,c,de o1wio} cV 


Example 3.1.22: Let V = N(Q)[x] that is the collection of 
polynomials in the variable x with coefficients from N(Q). 
Clearly V is a neutrosophic semigroup under addition. Take S = 
(QT U £03) c N(Q), S is also a semigroup. We see V is a 
neutrosophic semigroup linear algebra over the semigroup S. 
Suppose 

W = {All polynomials in V of the form 


n 
. 
Dax” 


i=0 


a, € N(Q);ne N| ey, 


W is also a neutrosophic subsemigroup of V. Take T = (Z'T U 
{0}) < S. T is also a semigroup. We see W is a neutrosophic 
subsemigroup linear subalgebra of V over the subsemigroup T 
or the semigroup S. 


We shall define simple neutrosophic semigroup linear algebra 
of neutrosophic semigroup simple linear algebras. 


DEFINITION 3.1.8: Let V be a neutrosophic semigroup linear 
algebra over the semigroup S. If V has no proper neutrosophic 
subsemigroup linear subalgebras then we define V to be a 
neutrosophic semigroup simple linear algebra (or simple 
neutrosophic semigroup linear algebra) over the semigroup S. 


We will illustrate this by some simple examples. 


Example 3.1.23: Let 


ae 


a,b,c,d,e,f € Nz} 
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be a neutrosophic semigroup under matrix addition modulo 3. 
Take S = Z;3, a semigroup under addition. V is a simple 
neutrosophic semigroup linear algebra over the semigroup S. 
For S = Z; has no proper subsemigroups. 


Example 3.1.24: Let V = {N(Zs) x N(Zs) x N(Zs) x N(Zs) x 
N(Zs)} be a neutrosophic simple semigroup linear algebra over 
the semigroup Zs. 


It is easily verified V is a simple neutrosophic semigroup linear 
algebra over the semigroup Zs. 


DEFINITION 3.1.9: Let V be a simple neutrosophic semigroup 
linear algebra over the semigroup S. If V has no neutrosophic 
semigroup linear subalgebras then we call V to be doubly 
simple neutrosophic semigroup linear algebra or neutrosophic 
semigroup doubly simple linear algebra. 


We shall illustrate these situations by some examples. 


Example 3.1.25: Let V = {N(Z7) x N(Z7) x N(Z7) x N(Z7)} be a 
neutrosophic semigroup linear algebra over the semigroup S = 
Z7. V is a neutrosophic semigroup simple linear algebra over S 
but V is not a doubly simple neutrosophic semigroup linear 
algebra over S as W = {0} x N(Z;) x N(Z7) x {0} C Visa 
neutrosophic semigroup linear subalgebra of V over S. 


Example 3.1.26: Let V = {0, 1 + I} Cc N(Z2) be a neutrosophic 
semigroup linear algebra over Z, = S. V is a doubly simple 
neutrosophic semigroup linear algebra over S = Zp. 


Example 3.1.27: Let V = {Z,I} Cc N(Z,) and S = Z;. V is doubly 
simple neutrosophic semigroup linear algebra over S = Z7. 


Now we proceed on to define for neutrosophic semigroup vector 
spaces we can define the basis and generating set. 
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DEFINITION 3.1.10: Let V be a neutrosophic semigroup vector 
space over the semigroup S under addition. Let T = {V1, ..., Vp} 
CV bea subset of V; we say T generates the neutrosophic 
semigroup vector space V over S if every element v € V can be 
gotas v=sv,; Vv; €Tands ES. 


Example 3.1.28: Let V = {3Z'1 U {03} be a neutrosophic 
semigroup vector space over the semigroup Z U {0}. Take T = 
{3I} cV, T is generates V over S. 


Example 3.1.29: Let V = Z5I modulo integers 25. S = {0, 5, 10, 
15, 20} c Zys is a semigroup under addition modulo 25. V is a 
neutrosophic semigroup vector space over the semigroup S. 

T = {11, 21, 31, 41, 6, 71, 81, 91, 111, 121, 13], 141, 161, 17], 
181, 191, 211, 221, 231, 241} is a generating set of V over S. 


We will illustrate by some examples that the generating set of V 
is dependent in general on the semigroup over which V is 
defined. 


Example 3.1.30: Let V = Zyl be a neutrosophic semigroup 
vector space over the semigroup S = {0,10}. The generating set 
of V over S is T = {1I, 21, 31, 41, 5I, 61, 71, 81, 91, 111, 121, 13], 
141, 151, 161, 17], 181, 197}. 

If we take S; = {0, 5, 10, 15} to be the semigroup over 
which the same V is defined we see the generating set of V over 
S, is T; = {1I, 21, 3], 41, SI, 61, 71, 81, 91, 111, 121, 13], 141, 15], 
161, 171, 181, 191}. We see T; # T. 

Thus in general the generating set of a neutrosophic 
semigroup vector space is dependent on the semigroup over 
which it is defined. 


Now we proceed onto define the generating set of a 
neutrosophic semigroup linear algebra for which we also need 
the concept of independent set. 


DEFINITION 3.1.11: Let V be a neutrosophic semigroup linear 


algebra over the semigroup S. T = {VW ..., Vai GC V is an 
independent set if v; sv, i #j for some s € S and 
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m 
YF yo sy, a 
fol 


i< k<n,m<n, ands; €S. We say T is a generating subset of 
V if T is a linearly independent set and every element v € V can 
be represented as 
v= > SV i 
i=l 


s, ES; 1 Sin. 
We will illustrate this by some examples. 


Example 3.1.31: Let V = Q'I U {0} be a neutrosophic 
semigroup linear algebra over the semigroup S = ZI U {0}. V 
is an infinite generating set over the semigroup S. 


Example 3.1.32: Let V = QIU {0} be the neutrosophic 
semigroup linear algebra over the semigroup S = Q'I U {0}. V 
is generated by the set B = {1} over S=Q'Tu {0}. 


DEFINITION 3.1.12: Let V be a neutrosophic semigroup vector 
space over the semigroup S. Let W —< V be such that W is a 
neutrosophic semigroup linear algebra over S, then we call W 
to be a pseudo neutrosophic semigroup linear subalgebra of V 
over S. 

If V has no pseudo neutrosophic semigroup linear 
subalgebras then we call V to be a pseudo simple neutrosophic 
semigroup vector space or pseudo neutrosophic semigroup 
simple vector space. 


We shall illustrate these situations by some simple examples. 


Example 3.1.33: Let 


ic a b 
‘ q pe a; a,) 


be a neutrosophic semigroup vector space over the semigroup S 
=ZTv {0}. 


a,b,c,d,a, «QT U {0}51 cies} 
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Take 


a, ca'1u (ojsiss} aN; 


W, is also a pseudo neutrosophic linear subalgebra of V over 
the semigroup S. 


Example 3.1.34: Let V = {(Q'1 VU {03)[x], m— mI |m € Z'} be 
a neutrosophic semigroup vector space over the semigroup S = 
ZI vu {0}. W = {m —- ml | m e€ Z} c V is a pseudo 
neutrosophic semigroup linear subalgebra of V_ over the 
semigroup S. 


Example 3.1.35: Let V = {I, 0, 1} Cc N(Z,) be a neutrosophic 
semigroup vector space over the semigroup S = Z). V has 
pseudo neutrosophic semigroup linear subalgebra over S = Z2 so 
V is a pseudo neutrosophic semigroup simple vector space over 
the semigroup S. 


Now we proceed onto define the notion of semigroup linear 
transformation. 


DEFINITION 3.1.13: Let V and W be any two neutrosophic 
semigroup vector spaces over the same semigroup S. We say a 
map T from V to W is a neutrosophic semigroup linear 
transformation if T(ca@) = cT (@) for allc e Sanda eV. 


Example 3.1.36: Let 


V 


lI 
————_ 
SEN 
Oo Df 
ao 
SH 


shedeQ tio} 
and W = {QT vu {0} x QT U {0%} be two neutrosophic 
semigroup vector spaces over the semigroup Z'I U {0}. 


Define T : V > W by 
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“fe Seas 


T is a neutrosophic semigroup linear transformation of V to W. 
Example 3.1.37: Let 


V= {QTY {0} x QTY {0} x QTL {0} x QTL {0}} 


and 
a be 
W = 
{: d 4 
be two neutrosophic semigroup vector spaces define over the 


semigroup S=QTU {0}. 
Define T: V > W by 


a 0 b 
Ta bod=|(% d le 


T is a neutrosophic semigroup linear transformation of V to W. 
When the domain space and the range space are the same 

that is V = W then we call the neutrosophic semigroup linear 

transformation as neutrosophic semigroup linear operator on V. 


a,b,c,d,e,f ~eQ°IU a 


We will illustrate this by some examples. 


Example 3.1.38: Let 
a, a, a, 
V=s/a, a; a |fa, eR'LU {0};1 <i <9 
ag Age Ay 


be a neutrosophic semigroup vector space over the semigroup 


QTu {0}. 
Define T: V > V by 
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ay a, a3 ay a, a; 
T}a, a, a, |=|0 a, a, 
a, a, a, 0 0 a, 


It is easily verified T is a neutrosophic semigroup linear 
operator on V. 


Example 3.1.39: Let V = {QTU {0} x QTU {0} x QTU {0} 
x QTV {0} x QTU {03} = {(aj, az, a3, aa, as) | ai Ee QTL {0}; 
1 <1< 5} bea neutrosophic semigroup linear algebra over the 
semigroup S = ZI {0}. 
Define T: V > V by 

T (a1, a2, a3, a4, as) = (0, a2, a3, 0, as). 
It is easily verified that T is a neutrosophic semigroup linear 
operator on V. 


We see in case of neutrosophic semigroup linear algebras V and 
W over a semigroup S we need an additional condition to be 
satisfied by the neutrosophic semigroup linear transformation 
T: V > W; T(cu+ v) =cT(u) + T(v); c € Sandu, v € V. 


We will illustrate this by some examples. 


Example 3.1.40: Let 
a, a, a, + : 
V= a, €R'TU{0};1<i1<6 
a, as a6 
and 
a; a 
W= a, a, ja, eRTU{0};1<i<6 
as ag 


be two neutrosophic semigroup linear algebras over the 
semigroup S = RI U {0}. Let T: V > W be defined as 
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It is easily verified T is a neutrosophic semigroup linear 
transformation of V to W. 


Example 3.1.41: Let 
a, a, a, 
V=4|0 a, a, jja,eZ TU {0};1<i<6 
0 0 a, 


and W = {(Z' Tu {03) x (ZTU {0}) x (ZTU {03)} = {(a, a, 
a3) | a, ¢ Z1TU {0}; 1 <i< 3} bea two neutrosophic semigroup 
linear algebras over the semigroup S =2Z'T u {0}. 

Define a map T: V > W by 


ay a, a, 
T=,4|/0 a, a, |¢ = (a1, a4, a6). 
0 O a, 


It is easily verified T is a neutrosophic semigroup linear 
transformation from V to W. 


Example 3.1.42: Let 
a, a, 
a, a, 2 ' 
v= a, EQ TU {0};1<i<8 
as a6 
a; ag 


be a neutrosophic semigroup linear algebra over the semigroup 
S=ZTu {0}. 
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Define T: V > V by 


a, a, a, 0 
a, a a, a 
3 4 3 4 
T = 
a, a, 0. ag 
a, a, a, O 


It is easily verified T is a neutrosophic semigroup linear 
operator on V. 


Example 3.1.43: Let 


nel 


V= {3 a,x! 
i=0 


and a, € Q'I U {0}; ie., all polynomials in the variable x with 
coefficient from QI U {0}} be a neutrosophic semigroup linear 
algebra over the semigroup S=ZTv {0}. 

Define T: V > V by 


al ya,x' > pace 
i=] i=l 


It is easily verified T is a neutrosophic semigroup linear 
operator on V. 

Let T be a neutrosophic semigroup linear transformation from V 
into W. We say T is set invertible if there exist a neutrosophic 
semigroup linear transformation U from W into V such that U.T 
and T.U are neutrosophic semigroup identity maps on V and W 
respectively. If T is neutrosophic semigroup invertible, the map 
U is called the neutrosophic semigroup inverse of T and is 
unique and is denoted by T. 


The following theorem is left as an exercise for the reader to 
prove. 
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THEOREM 3.1.2: Let V and W be two neutrosophic semigroup 
vector spaces over the semigroup S and T be a neutrosophic 
semigroup linear transformation from V into W. If T is 
invertible the inverse map T' is a neutrosophic semigroup 
linear transformation from W onto V. 


DEFINITION 3.1.14: Let V be a neutrosophic semigroup linear 
algebra over the semigroup S. Let W < V be a neutrosophic 
subsemigroup linear subalgebra over the subsemigroup P of S. 
Pa proper subsemigroup of the semigroup S. Let T: V > W be 
a map such that T (av + u) = T(a@) T(v) + T(w) for all u, v EV 
and T (a) € P. We call T a pseudo neutrosophic semigroup 
linear operator on V. 


Interested reader is requested to construct examples. 


DEFINITION 3.1.15: Let V be a neutrosophic semigroup linear 
algebra over the semigroup S. Let W be a _ neutrosophic 
semigroup linear subalgebra of V over S. Let T be a 
neutrosophic linear operator on V. T is said to be a 
neutrosophic semigroup linear projection on W if T(v) = w,; w 
© Wand T(au + v) = aT(u) + T(v), T(u) and T(v) &€ W for all 
aeSandu, ve V. 


We will illustrate this by a simple example. 


Example 3.1.44: Let V = {((Z1U {0}) x (ZT vu {03) x (ZTU 
{0t) x (ZI U {0)!. V is a neutrosophic semigroup linear 
algebra over the semigroup Z'I U {0}. Let W =(2Z'T u {03) x 
(2Z'T U {0}) x {0} x {0} c V be a neutrosophic semigroup 
linear subalgebra of V over ZT U {0}. 
Define T: V > V by 

T (x, y, Z, W) = (2x, 2y, 0,0) 


It is easily verified that T is a neutrosophic semigroup linear 
projection of V onto W. 
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DEFINITION 3.1.16: Let V be a neutrosophic semigroup vector 
space over the semigroup S. Let W c V be a neutrosophic 
semigroup vector subspace of V over the semigroup S. A 
neutrosophic linear operator T on V is said to be a neutrosophic 
semigroup projection operator of a subspace of V onto W if for 
T:V >W; T (VV) CW that is T (Vv) = w for every v € V and 
wew. 

We will illustrate this by a simple example. 


Example 3.1.45: Let 


a, a, a, a, 0 0 0 0 
os , 
0 0 0 O/) \b, b, b; »b, 
be a neutrosophic semigroup vector space over the semigroup S 
= ZT {0}. 


Let 
Wwe a, a, a; a, 
0 0 0 O 


be a neutrosophic semigroup vector subspace of V over the 
semigroup S. Let T: V > V be defined by 


T @, 4) 4; a )[_ {4 4 a3 a% 
0 0 0 0 0 0 0 0 
ri(® 9 9 O_(o 0 0 0). 
b, b, b; b,)// (0 0 0 0)’ 


then T is a neutrosophic semigroup projection of V on W. 


1<i<4 


a,b, €Q*lU em 


a, co tuiasissfey 


and 


We will now define the concept of direct union of neutrosophic 
semigroup vector subspaces of a neutrosophic semigroup vector 
space. 
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DEFINITION 3.1.17: Let V be a neutrosophic semigroup vector 
space over the semigroup S. Let Wi, W2, ..., W, be a collection 
of neutrosophic semigroup vector subspaces of V; if V = UW; 
and W; 1 W; = @or {0} ifi 47 then we say V is the direct union 
of the neutrosophic semigroup vector subspaces of the 
neutrosophic semigroup vector space V over S. 


We will illustrate this by some examples. 


Example 3.1.46: Let 


a, a, a,\)\(0 O O b ae 
V0. 0. 04 Be by o-oo 


l<i< 
0G Or 30% 0). lees te 


be a neutrosophic semigroup vector space over the semigroup S 


=ZTv {0}. 
Take 
— a Pe 
Wi= 5/0 O 0 jja, eZ TU {0};1 <i <3 
0 
0 0 O 
W2=4/b, b, b, J[b, EZ TU {0}; 1 <1<3 
0 0 O 
and 
0 0 O 
W3= 5/0 0 0 Ile, eZ TU {0};1<i<3 
Cia Gx. 16, 


be a neutrosophic semigroup vector subspaces of V over the 
semigroup S. Clearly V = W; U W2 U W; and 
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00 0 
WiOW,=|0 0 O|,ifizjs1<ij<3. 
00 0 


Thus V is a direct union of neutrosophic semigroup vector 
subspaces of V over the semigroup S. 


Example 3.1.47: Let 
Xe 5, a,,b,,c,,x, «QTY {0} 
a, ei 
s X, X, Se 1<i<4, 
V=s| 7 I) x, x, (ob) 8 12923) 
a, C; Cy 
: Ke Ky 1<k<4, 
, Xq X19 Lat 10: 


be a neutrosophic semigroup vector space over the semigroup S 
=ZTv {0}. 
Take 


a 
Wi=4| ~ Ila, eQIU };1<i<4-, 


ay 29 
X, Xy 
W3=4/ Xs X,_ |[x, eQ°TU {0};1<i<10 
Hy, As 
Xo X19 


and 
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Ce uc 
Wi = 1 2 
Cy ‘ey 
be neutrosophic semigroup vector subspaces of V over the 


semigroup S. Clearly V = W,; U W2 U W3 U Wg and Wi 1 Wj = 
difi4j;1<i,j <4. 


actu ptsisal 


Now we proceed onto define the analogous notion for 
neutrosophic semigroup linear algebras. 


DEFINITION 3.1.18: Let V be a neutrosophic semigroup linear 
algebra over the semigroup S. We say V is the direct sum of 
neutrosophic semigroup linear subalgebras Wi, W>, ..., W, of V 
if 

(1) V=W,+... + W, 

(2) W, OW; = {0} or bifi Aj Si, jn. 


We will illustrate this situation by some simple examples. 


Example 3.1.48: Let 


a, a, 
Vv a, a, |ja, €Q°1U {0};1<i<6 
as a 


be a neutrosophic semigroup linear algebra over the semigroup 


S=ZTvu {0}. 
Take 
a, O 
Wi= 4/0 0 |la,,a, EQ*IU {0}, 
0 a, 
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Oa. 
W2=35/0 0 ja, EeQ*TU {0} >, 


0 0 
0 0 
W3=4/a;, O|la;,a, eQ°1U {0} 
a, 0 
and 
0 0 
W4=4/0 a, |ja, eQ*1U {0} 
0 0 


be neutrosophic semigroup linear subalgebras of V over the 
semigroup S. 
V=W,+ W2+ W3+ Wa 
and 
0 0 


Wi Wj = 0 0 
0 0 


if i #j; 1 < i,j < 4. This V is a direct sum of neutrosophic 
semigroup linear subalgebras. 


A neutrosophic semigroup linear algebra is strongly simple if it 
cannot be written as a direct sum of neutrosophic semigroup 
linear subalgebras and has no proper neutrosophic semigroup 
linear subalgebras. 


Example 3.1.49: Let V = {0, I, 21, 31, ..., 10I$ CG N(Zj1) be a 
neutrosophic semigroup linear algebra Z,,I. Clearly V is a 


strongly simple neutrosophic linear algebra. 


In view of this we have a nice theorem which guarantees a class 
of strongly simple neutrosophic linear algebras. 


112 


THEOREM 3.1.3: Let V = {0, [, 21, ..., (p — 1)I | p is any prime} 
Cc N(Z,) and S = Z,I be the semigroup. Clearly V is a strongly 
simple neutrosophic semigroup linear algebra. 


Proof: Since V has no proper neutrosophic semigroup linear 
subalgebras we see V cannot be written as a direct sum of 
neutrosophic semigroup linear subalgebras. 

Hence the claim. 


In the next section we proceed on to define neutrosophic group 
vector spaces and neutrosophic group linear algebras. 


3.2 Neutrosophic Group Linear Algebras 


In this section we introduce the notion of neutrosophic group 
linear algebras. Already the notion of neutrosophic groups have 
been introduced in the chapter one of this book. We give several 
interesting properties about them. Infact we illustrate these new 
concepts by examples so that the reader can follow them easily. 


DEFINITION 3.2.1: Let V be a non empty subset (say N(R), N(C) 
or N(Z,) or N(Q) or N(Z)). Let G be a group under addition. We 
call V to be neutrosophic group vector space over G if the 
following conditions are true. 


(1) For every v € Vand g €G, gvand vg is in V. 
(2) 0.v = 0 for every v € V, 0 the additive identity of G. 


Example 3.2.1: Let V = {0, 21, 41, 61, 81, 101} be a subset of 
N(Z)2) and G = {0, I, 21, 31, 41, 5I, 6, 7I, 81, 101, 91, 112} c 
N(Zi2) be a group under addition modulo 12. V is a 
neutrosophic group vector space over the group G. 


Example 3.2.2: Let 
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0 0 0O)fa b 
: a;,b,,c,,a,b,c,d < QI; 
Cj. “Cy Cy) Le od 


1<i<4,1<j<4and1<k<3} 


and G = QI c N(Q) be a group under addition. V is a 
neutrosophic group vector space over the group G. 


Example 3.2.3: Let V = {(0, at, 0, a2, 0, a3), (bi, bo, b3, ba), (ci, 
Co, C3) | aj, bj, . € ZL $1 <3,1<j<4and1<k<3}andG= 
ZI be a group under addition. V is a neutrosophic group vector 
space over G. 


Example 3.2.4: Let 


0 0 O)/x, x, x, 
ay b, 
v= a ,;.}9 O},;0 O Of, 
0 0 
0 a, b, 0 0 O 
0 0 O 
0 x, x, |/a;,b;,x, eRbE1<i,j<3 andl<k<6 
x, O 0 


and G = QI a group under addition. V is a neutrosophic group 
vector space over the group G. 


DEFINITION 3.2.2: Let V be a neutrosophic group vector space 
over the group G. Suppose W —V be a proper subset of V. We 
say W is aneutrosophic group vector subspace of V if W is itself 
a neutrosophic group vector space over G. 


We shall illustrate this situation by some examples. 


Example 3.2.5: Let V = {(2ZD[X] and (SZI[x]; be polynomials 
with coefficients from 2ZI and 5ZI respectively} and G = Zl a 
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group under addition. V is a neutrosophic group vector space 
over G. Take W = {(2ZI)[x]} Cc V; W is a neutrosophic group 
vector subspace of V over the group G. 


Example 3.2.6: Let 


a, 0 0) (b, 0 0)/(0 O b,)\/a,b, ERI 
Vala, 0°0),)°0. by. 0.) be 0 be] /1s1<3; Fs 
a, 0 0) (0 0 b,) lO b, 0 )l1<j<7; 


be a neutrosophic group vector space over the group G = ZI. 
Take 


0 0 »b, 
W=4/b, 0 b, ||b,,b.,b,.b, RIS CV; 
0 b, 0 


W is a neutrosophic group vector subspace of V over the group 
G. 


Now we proceed onto define the concept of linearly 
independent subset of a neutrosophic group vector space. 


DEFINITION 3.2.3: Let V be a neutrosophic group vector space 
over the group G. 

We say a proper subset P of V to be a linearly dependent 
neutrosophic subset of V if for any p), p2 in P (p1 #P2) P1 = ap2 
Or Pp2 = a, p: for some a, a; € G. If for no distinct pair of 
elements p1, P2 € P we have a), a7 € G such that p; = a) p2 or p2 
= dp p; then we say P is a linearly independent neutrosophic 
subset of V. 


We will illustrate this by some examples. 


Example 3.3.7: Let 
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Vos) 0. 0 1,)a, as) 0 0 |\a,a,eZ1 
0 0 0 O/)}\a, a, 


be a neutrosophic group vector space over the group ZI. 
Take 


21 41) /1 21)/6r 121) (S51 10! 
P= 5/0 O70 Of, O O 4}, 0 O ey, 
0 0/\0 O 0 0 0 0 


P is a linearly dependent neutrosophic subset of V. 
Take 


0 0\/(I 41\ (0 0O 
Q=;/I I],/0 O},J0 OF cV. 
0 0) \0 0) \S5I 61 


Q is a linearly independent neutrosophic subset of V over G. 
Take 


81 I 0 0)\/(0 O 
T= 4/0 Oj|,| 71 81},;0 O |FcV, 
0 0) \0 O I 7I 


T is also a linearly independent neutrosophic subset of V over 
G. 


Now we will define the notion of generating neutrosophic 
subset of a neutrosophic group vector space over a group G. 


DEFINITION 3.2.4: Let V be a neutrosophic group vector space 
over the group G. Suppose T is a subset of V which is a linearly 
independent neutrosophic subset of T and if T generates V that 
is using t € T and g € G we can get every v € V as v = gt then 
we call T to be a generating neutrosophic subset of V over G. 
The number of elements in G gives the dimension of V. If T is of 
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finite cardinality we say V is of finite dimension. If T is of 
infinite cardinality we say V is of infinite dimension. 


Example 3.2.8: Let 


rH Gs) 


be a neutrosophic group vector space over the group ZI = G. 


"wf 96 jen 


T is generating neutrosophic subset of V. Clearly V is finite 
dimensional we can have independent neutrosophic subsets of V 
but they may not be generating subsets of V which will be 
illustrated. 


a.,b; <a 


Example 3.2.9: Let 


v= a, a,\//{0O 0 

O02 Cbs: 3b; 
be a neutrosophic group vector space over the group G = ZI. We 
have several linearly independent neutrosophic subsets of V but 
V cannot be finitely generated over G. Thus dimension of V 


over G is infinite. 
Take 


Pee OVO BY OO VE Oe ye 
I o/\o Ty lo 0; \o 0} \0 0 
is a linearly independent neutrosophic subset of V but T cannot 
generate V over G. 


a,,b, <2 1152] 
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Example 3.2.10: Let V = {(aaaaaa)|ae€é QI} bea 
neutrosophic group vector space over the group QI = G. T = (II 
ITI 1)} < V is the generating subset of V over QI. 


Example 3.2.11: Let V = {(aaaaaa) be such that a € QI} bea 
neutrosophic group vector space over the group G = ZI. Clearly 
V is of infinite dimension over ZI. 

However we have several finite linearly independent 
subsets of V. 


DEFINITION 3.2.5: Let V be a neutrosophic group vector space 
over the group G. Let W CV be a proper subset of V. H CG be 
a proper subgroup of G. If W is a neutrosophic group vector 
space over H then we call W to be a neutrosophic subgroup 
vector subspace of V over the subgroup H of G. 


We will illustrate this by some simple examples. 


Example 3.2.12: Let 


b 
V = {(aaa), ks 7 | a, b, c, d, x, y, z, w, € QT} 
Cc 


= NN“ 


be a neutrosophic group vector space over the group G = QI. 
Take 


a,b,c,d € al 


contained in V and H = ZI c G bea subgroup of G; clearly W is 
a neutrosophic subgroup vector subspace of V over the 
subgroup H = ZI of G. 


Example 3.2.13: Let V = {QI x QI x QI} = {(x, y, z) | x, y, z € 


QI} be a neutrosophic group vector space over the group G = 
ZI. Let W = {QI x QI x {0}} = {(, y, 0) | x, y e QI; CV; Wis 
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a neutrosophic subgroup vector subspace of V over the 
subgroup H = 2Z] of G. 


Example 3.2.14: Let 


a, a, a,)(b, O 0 )\{a,,b, €QI 
V= 5/0 a, a,|,|b, b, O || 1<i<6 
0 0: cae) Lb, by bs) | 1<js6 


be a neutrosophic group vector space over the group G = QI. 
Take 


ay a, a; 
W=,|0 a, a, jja,eZb1<i<6 
0 0 a 


contained in V. Let H = ZI c G be a subgroup of G. Clearly W 
is a neutrosophic subgroup vector subspace of V over the 
subgroup H of G. 


Example 3.2.15: Let V = {Zl x Zl x Zl x Zel} be a 
neutrosophic group vector space over the group G = ZI. Take 
W = {0 0 0), CID, GL 31, 3D} c V; W is a neutrosophic 
subgroup vector subspace of V over the subgroup H = {0, 31} c 
G. Clearly W is not a neutrosophic group vector subspace of V 
over the group G. 


In the view of this we have the following theorem. 

THEOREM 3.2.1: Let V be a neutrosophic group vector space 
over the group G. If W is a neutrosophic group vector subspace 
of V then W need not be a neutrosophic subgroup vector 


subspace of V. 


The proof is left as an exercise for the reader. 
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THEOREM 3.2.2: Let V be a neutrosophic group vector space 
over a group G. Suppose S C V is a neutrosophic subgroup 
vector subspace of V then S need not in general be a 
neutrosophic group vector subspace of V over G. 


This proof is also left as an exercise for the reader. 


Next we proceed onto define a neutrosophic duo subgroup 
vector subspace. 


DEFINITION 3.2.6: Let V be a neutrosophic group vector space 
over the group G. Let W CV. If W is a neutrosophic subgroup 
vector subspace over a proper subgroup H of G as well as W is 
a neutrosophic group vector subspace of V over G then we call 
W to be a neutrosophic duo subgroup vector subspace of V. 


We will illustrate this by some examples. 


Example 3.2.16: Let 


a, O O 
V= ou hy ‘l<i< 
calles pa, a, O }ja, eQLI<i<6 


a, a, a 


be a neutrosophic group vector space over the group G = QI. 


Let 
W = a, a, 
0 a, 
be a neutrosophic group vector subspace of V over the group G. 
It is easy to verify W is also a neutrosophic subgroup vector 


subspace of V over the subgroup H = ZI c QI CG. Thus W isa 
neutrosophic due subgroup vector subspace of V. 


s <hisisa} cv 


Example 3.2.17: Let V = {(x1, X2, X3, X4) | xi € QL; 1 <1 <4} be 
a neutrosophic group vector space over the group G = ZI. Take 
W = {(0, Xo, X3, 0)| X2, X3 € QI} CV. W is a neutrosophic group 
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vector subspace of V over G and W is also a neutrosophic sub- 
group vector subspace of V over the subgroup H = ZI c QI =G. 
Thus W is a neutrosophic duo subgroup vector subspace of V. 


The following theorem is evident from the very definition. 


THEOREM 3.2.3: Let V be a neutrosophic group vector space 
over the group G; if W is a neutrosophic duo subgroup vector 
subspace of V then W is both a neutrosophic group vector 
subspace of V as well as W is a neutrosophic subgroup vector 
subspace of V. 


DEFINITION 3.2.7: Let V be a neutrosophic group vector space 
over the group G. Suppose V has no neutrosophic subgroup 
vector subspace then we call V to be a neutrosophic simple 
group vector space. 


We will illustrate this situation by some examples. 


Example 3.2.18: Let V = {ZI x ZI x Zy,1 x Zyl x ZT} = 
{(xX, y, Z, W, t)/ x, y, Z, w, t, € Z,,1}. V is a neutrosophic simple 
group vector space over the group G = ZI. 


Example 3.2.19: Let 
{? 
V= 
c d 
be a neutrosophic group vector space over the group G = Z3I. V 


is a neutrosophic simple group vector space over G as G has no 
proper subgroups. 


a,b,c,de 2 


We have the following nice theorem which guarantees the 
existence of neutrosophic simple group vector spaces. 


THEOREM 3.2.4: Let V be a neutrosophic group vector space 
over a group G, which has no proper subgroups other than G 
and {0}, then V is a neutrosophic simple group vector space 
over G. 
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Proof: Follows from the fact that G has no proper subgroup for 
a proper subset W to be a neutrosophic subgroup vector 
subspace; we need a proper subgroup in G over which W is a 
group vector space. 

If G has no proper subgroup the existence of neutrosophic 
subgroup vector subspace is impossible. 


We will now give a large class of neutrosophic simple group 
vector spaces. 


THEOREM 3.2.5: Let V = Z,/ x Z,Ix ... x Z,I — n times be a 
neutrosophic group vector space over the group Z,I = G, where 
p is a prime. V is a neutrosophic simple group vector space over 
G=Z,1. 


Proof: Clear from the fact that Z,I has no proper subgroups. 


DEFINITION 3.2.8: Let V be a neutrosophic group vector space 
over the group G. LetW CV and S CG where S is a semigroup 
under +. If W is a neutrosophic semigroup vector subspace of V 
over S then we call W to be a neutrosophic pseudo semigroup 
vector subspace of V over S. 


We will illustrate this by some simple examples. 


Example 3.2.20: Let V = ZI x ZI x ZI be a neutrosophic group 
vector space over the group G = ZI. W = ZI x ZI x {0} CV. W 
is a neutrosophic pseudo semigroup vector subspace of V over 
the subsemigroup S = Z' TU {0} C ZI. 


Example 3.2.21: Let 
b 
V = {(QLx QIx QI x QD, ° : la, b, c,d € QI} 
Cc 


be a neutrosophic group vector space over the group G = QI. 
Let 
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a b 
W = 
{? : 
is a neutrosophic pseudo semigroup vector subspace of V over 
the semigroup Z'1 U {0} cQI=G. 


shedeai|c V 


Example 3.2.22: Let 


a 
V=4/b],[abcde]|a,b,c,d,ee RI} 
Cc 


be a neutrosophic group vector space over the group G = QI. 
Take W = {(a, b, c, d, e) | a, b, c, doe e RI} C V bea 
neutrosophic pseudo semigroup vector subspace of V over the 
semigroup Z'1U {0} CQI=G. 


We now proceed onto define the notion of neutrosophic group 
linear transformation. 


DEFINITION 3.2.9: Let V and W be two neutrosophic group 
vector spaces defined over the same group G. A map T from V 
to W will be called as the neutrosophic group linear 
transformation, if T(av) = aT(v) for all a € G and for all v € 
V. 


We will illustrate this by some simple examples. 


Example 3.2.23: Let V = ZI x ZI x ZI and W = QI x QI x QI x 
QI x QI be two neutrosophic group vector spaces over the group 
G = ZI. Let T: V > W be defined by T (x, y, z) = (z, y, x, y, Z) 
for all (x, y, z) € V. Clearly T is a neutrosophic group linear 
transformation of V into W. 


Example 3.2.24: Let 
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a,b,c,de€ al 


and 


| a, b,c, d € QT} 


be a neutrosophic group vector spaces over the group G = QI. 
Define T: V > W by 


T is a neutrosophic group linear transformation of V into W. 


DEFINITION 3.2.10: Let V be a neutrosophic group vector space 
over the group G. Let T from V to V be a neutrosophic linear 
transformation then we call T to be a neutrosophic group linear 
operator on V. 


We will illustrate this by some examples. 

Example 3.2.25: Let V = {(a, b, c, d) | a, b, c, d € QI} bea 
neutrosophic group vector space over G = QI. Define T from V 
to V by T(a, b, c, d) = (d, c, b, a). Clearly T is a neutrosophic 


group linear operator on V. 


Example 3.2.26: Let 


a bec 
V=,\d e f jja,b,c,d,e,f,g,h,ie RI 
gh 


i 
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be a neutrosophic group vector space over the group G = ZI. 
Define T: V > V by 


It is easily verified T is a neutrosophic group linear operator on 
V. Define N(Mg (V,W)) = {collection of all neutrosophic group 
linear transformations from V to W; V and W neutrosophic 
group vector spaces over the group G} and N(M<(V,V)) = {set 
of all neutrosophic group linear operators from V to V, V a 
neutrosophic group vector space over G}. The reader is 
expected to study the algebraic structure of N(Mc-(V,W)) and 
N(M<V,V)). 


We now proceed onto the notion of neutrosophic group linear 
algebra over a group. 


DEFINITION 3.2.11: Let V be a neutrosophic group vector space 
over the group G. If V is again a neutrosophic group under the 
operation of addition, then we call V to be a neutrosophic group 
linear algebra over G. 


Example 3.2.27: Let 


aaa 
V=s|/a a alljaeQI 
aaa 


V is aneutrosophic group linear algebra over the group ZI = G. 


Example 3.2.28: Let V = {(x, y, z) | x, y, z € QI} be a 
neutrosophic group linear algebra over the group G = QI. 


It is important to mention at this juncture that every 


neutrosophic group linear algebra is a neutrosophic group vector 
space over a group G but however a neutrosophic group vector 
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space over a group G in general is not a neutrosophic group 
linear algebra over a group G. 


We will illustrate this by an example. 


Example 3.2.29: Let 


ve a b)(0 O\fa 0\(0 d 

0 O}\ce d)\O c)\e O 

be a neutrosophic group vector space over the group G = QI. 
We see V is not a group under matrix addition. Thus V is only a 


neutrosophic group vector space over the group G and V is not a 
neutrosophic group linear algebra over the group G. 


a,b,c,d,e <0] 


We proceed onto define the notion of dimension of a 
neutrosophic group linear algebra. 


DEFINITION 3.2.12: Let V be a neutrosophic group linear 
algebra over the group G. X C V be a proper subset of V, we 
say X is a linearly independent subset of V if X = {X1, ..., Xn}, for 


some x; € G; 1 Si Sn; yam: = 0 if and only if each a, = 0. A 
i=] 

linearly independent subset X of V is said to be a generator of V 

if every element v of V can be represented as 


n 
v= yoxs a; € G(1 Si Sn). 
i=l 


We will illustrate this situation by some examples. 


Example 3.2.30: Let V = {(x, y, z) | x, y, z € Zol; Z. = {0, I}} 
be a neutrosophic group linear algebra over the group ZI = G. 
V is generated by the set X = {(10 0) (010), (00 I}. Clearly X 
is a linearly independent subset of V over the group G = Z)I. 


Example 3.2.31: Let 
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ay a, 
V=4/a,; a, |la;€ ZI; 1<i<6 


as a, 


be the neutrosophic group linear algebra over the group G = ZI. 
Let 


I 0\)(0 I)/(/0 0)\/0 0)\/0 0)\/0 O 
X= 4/0 0O))0 Of}, 1 O},,0 T},,0 O},0 O}7 cV 
0 0/\0 0)/\0 0)/\0 O)/\I O/\O I 


is the generating subset of V over the group G = ZI. 


We now proceed into define substructures of neutrosophic 
group linear algebras. 


DEFINITION 3.2.13: Let V be a neutrosophic group linear 
algebra over the group G. Let W —V be a proper subset of V. 
We say W is a neutrosophic group linear subalgebra of V over 
G if W is itself a neutrosophic group linear algebra over G. 


We illustrate this situation by some examples. 
Example 3.2.32: Let 


a be 
V=|d e f |a,b,...,1¢ QI 
g hi 


be a neutrosophic group linear algebra over the group G = ZI. 
Take 


aaa 
W=4!b b bia,b,ce QI-cV; 
e ic € 
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W is a neutrosophic group linear subalgebra of V over the group 
G. 


Example 3.2.33: Let V = {(a, b, c) | a, b, c © QI} be a 
neutrosophic group linear algebra over the group G = ZI. Take 
W = {(a, b, c) | a, b, c € ZI Cc QI} CV; W is a neutrosophic 
group linear subalgebra of V over the group G. 


We will now proceed onto define the notion of direct sum of 
neutrosophic group linear subalgebra of a neutrosophic group 
linear algebra. 


DEFINITION 3.2.14: Let V be a neutrosophic group linear 
algebra over the group G. Let Wi, W, ..., W, be neutrosophic 
group linear subalgebras of V over the group G. 

We say V is a direct sum of the neutrosophic group linear 
subalgebras Wi, W>, ..., Wn if 


(1) V=W,+...4+W, 
(2) WOW, = {0} ifi #j: 1 Si,j <n. 


We will illustrate this by some examples. 


Example 3.2.34: Let V = Zy4l x Zi4l x Zy4Il be a neutrosophic 
group linear algebra over the group G = ZI, the group under 
addition modulo 14. Let W; = Zj4I x {0} x {0}, W2 = {0} x Zyl 
x Zj4l be neutrosophic group linear subalgebras of V over the 
group G. 

We see V = W,+W, and W; 0 W2 = (0 0 0); 1f 1 45; 1 <1, j 
a 3: 


Example 3.2.35: Let 


0 0 
c 0 /|Ja,b,c,d,e,f ¢ QI 
e f 


128 


be a neutrosophic group linear algebra over G = ZI, the group 
under addition. 


Take 
a 0 O 
Wi= : 0 Ojla,fe QI>, 
0 0 f 
0 0 
W2= yee 0 ||b,c € QI?, 
0 0 
0 0 0 
W3=410 0 O|ld €QI 
d 0 0 
and 
0 0 0 
W.i=4/0 0 Ojffe €QI 
0 e 


be neutrosophic group linear subalgebras of V over the group G. 
We see V = W, + W2 + W3 + Wg and 


0 0 0 
Win Wi= 0 0 0 1#j;1<1j<4. 
0 0 0 


Now we proceed onto define the notion of pseudo direct sum of 
a neutrosophic linear algebra over the group G. 


DEFINITION 3.2.15: Let V be a neutrosophic group linear 
algebra over the group G. Suppose W, W>, ...,W, are distinct 
neutrosophic group linear subalgebras of V over G. We say V is 
a pseudo direct sum if 
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(1) V=W,+... + W, 

(2) WOW; #{0} or gin general even ifi 7] 

(3) We need W;’s to be distinct i.e.. Wi 7 W; 4 W; or W; ifi 
4j;1Sij<n. 


We will illustrate this situation by some examples. 


Example 3.2.36: Let 


ay a, a3 
V=4\a, a, a, |} a, €QU1<i<9 
dp- dg Ao 


be a neutrosophic group linear algebra over the group G = ZI. 
Take 


a, a, 0 
W,=4|0 a, O|/a,,a,,a, € QI 
0 0 0 
0 a, 0 
W2= 5/a, O O|/a,,a, € QI 
0 0 0 
a, 0 
W3=3/a, O 0 |\a,,a,,a,,a,,a, € QI 
a, ag a, 
and 
a, O O 
W4= 4/4, a; 6 |]4,,84,4;,4,,a, € QI 
0 a O 


to be neutrosophic group linear subalgebras of V over the group 
G=ZI. We see V = W, + W2+ W3+ Wg 
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But 


0 a, 0 a, 
Wi 0W2= 0 0 O »W1i 0 W3= 0 0 0 F 
0 0 0 0 0 0 
a, 0 0 
Wi 0W4= 0 0 0 » W200 W3= a, 0 0 ; 
0 0 0 0 0 0 
0 0 0 a, O O 
W200 W4= a, 0 0 and W3 7 W,4= a, 0 0 
0 0 0 0 a, 0 


and Wj *& Wj fori4#j;1<i,j <4. 


Thus V is a pseudo direct sum of neutrosophic group linear 
subalgebras over the same group G. 


Example 3.2.37: Let V = {Zpal x Zo4l x Zoal x Zo4l} be a 
neutrosophic group linear algebra over the group G = Zyl. 
Take 
W1 = {Zoal x Zo4l x {0} x {OF}, 
W> = {0 x { Zral} x Loal x {0}} and 
W;3 = { {0} x Zoal x Loal x Zl} 


to be neutrosophic group linear subalgebras of V over G. We 
see V= W, +W,+ W; 


Ww, a) W> = {0} Xx Zoal Xx {0} Xx {0} 
WO W3= {{0} x Zo4l x {0} x {0}} 
W320 W3= {0} x {0} x Zoal x {0} 


Thus V is a pseudo direct sum of neutrosophic linear 
subalgebras of V over the group G. 
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Now we proceed onto define yet another new algebraic structure 
in neutrosophic group linear algebras over a group G. 


DEFINITION 3.2.16: Let V be a neutrosophic group linear 
algebra over the group G. Let W CV be a proper subgroup of 
V. Suppose H CG be a proper subsemigroup of G. 

If W is a neutrosophic semigroup linear algebra over the 
semigroup H then we call W to be a pseudo neutrosophic 
semigroup linear subalgebra of the neutrosophic group linear 
algebra V. 


We will illustrate this situation by some examples. 


Example 3.2.38: Let 


a,b,....m €QI 


yr co Qo 
—- -Fo oe 


be a neutrosophic group linear algebra over the group G = ZI. 


aéQI 


oso 2 2 ®& 
go 2 2 & 
oso 2 2 ®& 


is a pseudo neutrosophic semigroup linear subalgebra of the 
neutrosophic group linear algebra over the semigroup Z'I U 


{0}. 


Example 3.2.39: Let V = {QI x QI x QI x QI x QI x QI} be a 
neutrosophic group linear algebra over the group G = ZI. Take 
W ={QI x {0} x QI x {0} x QI x {0}! CV; W is a pseudo 
neutrosophic semigroup linear subalgebra of V_ over the 
semigroup S =3Z TU {0} cG. 
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It may so happen that at times we may have neutrosophic group 
linear algebra V over a group G but may not have pseudo 
neutrosophic semigroup linear subalgebras of V. This is given 
by these classes of neutrosophic group linear algebras. 


Example 3.2.40: Let V = Z,I x Z,I x ... x Z,I be a neutrosophic 
group linear algebra over the group G = Z,I (p a prime); V has 
no pseudo neutrosophic semigroup linear subalgebras. 


Example 3.2.41: Let V = {(aij)ma | aj € Zyl; p a prime} be a 
neutrosophic group linear algebra over the group G = Z,I. V has 
no pseudo neutrosophic semigroup linear subalgebra as G = Z,] 
has no proper subset which is a semigroup under addition. 


Example 3.2.42: Let V = {Z,I [x] | p is a prime and Z,][x] is a 
collection of polynomials in the variable x with coefficient from 
Zyl} be a neutrosophic group linear algebra over the group G = 
Zyl. V has no pseudo neutrosophic semigroup linear subalgebra 
as G = Z,I has no proper subset which is a semigorup. 


Now we proceed onto define yet another new algebraic structure 
of the neutrosophic group linear algebra. 


DEFINITION 3.2.17: Let V be a neutrosophic group linear 
algebra over the group G. Let P be a proper neutrosophic 
subset of V. P is just a set and it is not a closed structure with 
respect to addition. If P is a neutrosophic group vector space 
over G then we call P to be a neutrosophic pseudo group vector 
subspace of V over G. 


We will illustrate this by some simple examples. 


Example 3.2.43: Let 
ve a; “a, \ fa; “ay |) {0° 90 
0 0) \b, b,/'\b, b, 


be a neutrosophic group linear algebra over the group G = ZI. 
Let 


a,,a,,b,,b, <a} 
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a, a,)(0 0O 
W= ‘ a,,a,,b,,b, eQI->c V; 
0 0) \b, b, 
W is only a neutrosophic group vector space over the group G. 


Thus W is a pseudo neutrosophic group vector subspace of V 
over the group G. 


Example 3.2.44: Let 


>,\)/{9 0)\/(0 O)\/fa, a, 
a, €QI 
Vala, <0 ),) 0) a; 0 Oa, a, (<i<6 


Oe 20° WO ash ide. JOU «aa 


be a neutrosophic group linear algebra over the group G = QI. 
Take 


0 0\(0 
W=,|0 0,0 a, |la,,a,,a,eQI> CV, 
a, O}\0 a, 


W is a pseudo neutrosophic group vector subspace of V over the 
group G. 


Example 3.2.45: Let 


CG IC 9 


be a neutrosophic group linear algebra over Z;I = G. 


wef C9 


is a pseudo neutrosophic group vector space over the group G. 


a,b,c,de€ 2 


a,b,c,de 2 cV 
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Chapter Four 


NEUTROSOPHIC FUZZY 
SET LINEAR ALGEBRA 


In this chapter we introduce the new notion of neutrosophic set 
fuzzy linear algebra, neutrosophic semigroup fuzzy linear 
algebra and neutrosophic group fuzzy linear algebra. 

Recall, as fuzzy vector space (V, n) or nV is an ordinary 
vector space V over a field F with a map yn: V — [0,1] 
satisfying of following conditions: 


(1) n (a+b) 2 min {n(a), n(b)} 
(2) na) = (a) 

(3) n(0)= 1 

(4) n(ra) = n(a) 


for all a,b €©V andr &€ F where F 1s a field. 


We now define the notion of neutrosophic set fuzzy linear 
algebra. 
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DEFINITION 4.1: Let V be a neutrosophic set linear algebra 
over the set S. We say V with a map 7 is a neutrosophic fuzzy 
set linear algebra if 


n:V—> (0, 1] V0, I])= N(L0, 1p) 


(Here N([0, 1]) = fa + bI | a, b &€ [0, I]). (N([0, 1]) will be 
known as the fuzzy neutrosophic set or neutrosophic fuzzy set), 
such that n (a + b) = min(n (a), n(b)) for all a, b © V and 
n (I) =I and is denoted by Vn or nV or V(n). 

Since we known in the neutrosophic set vector space V 
merely we take V to be a set but in case of neutrosophic set 
linear algebra we assume V is closed with respect to some 
operation usually denoted as ‘+’ so the additional condition 
nla + b) =min(n(a), n(b)) is essential for every a, b eV. 


We will illustrate this situation by some examples. 
Example 4.1: Let V = Q’l be a neutrosophic set linear algebra 


over the set S = ZI. 
Define yn: V > N((0, 1]) 


I if x = al 
n(x) = i ifx =a+bl anda+b>1 
a+b 
I+] ifx=a+bl anda+b<l 


Clearly Vn is a neutrosophic set fuzzy linear algebra. 


Example 4.2: Let 


al bl 
V= 
cl dl 
be a neutrosophic set linear algebra over the set S = 10Z'1. 
Define yn: V > N([0, 1]) as follows: 


a,b,c,de Z| 
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Tee ifa=b 


a 
1 . 
Y — 
hac? ‘lias apes 
Cc 
1 : 
I+— ifa2>d 
d 


We see V,, is a neutrosophic set fuzzy linear algebra. 


DEFINITION 4.2: Let V be a neutrosophic set vector space over 
the set S. LetW —V be a neutrosophic set vector subspace of V 
defined over the set S. Ifn : W > N([0, 1]) then W,, is called the 
neutrosophic fuzzy set vector subspace of V. 


We now proceed onto define the notion of neutrosophic fuzzy 
set linear subalgebra. 


DEFINITION 4.3: Let V be a neutrosophic set linear algebra 
over the set S. Suppose W is a neutrosophic set linear 
subalgebra of V over S. Let n- W > N([0, L1]). nW is a 
neutrosophic set fuzzy linear subalgebra if n(a+b) = min {n(a), 
n(b)} for a, b EW. 


Now we proceed onto define the notion of neutrosophic fuzzy 
semigroup vector spaces. 


DEFINITION 4.4: 4 neutrosophic fuzzy semigroup vector space 
or a fuzzy neutrosophic semigroup vector space (V, n) or Vn 
where V is an ordinary neutrosophic semigroup vector space 
over the semigroup S; with a map 7: V > N([0, 1]) satisfying 
the following condition; (ra) > (a) for alla € Vandr &€S. 


We will illustrate this by some examples. 
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Example 4.3: Let V = (al, aol, asl, agl, asl, aol, a7I) | a; € ZT, 1 
<i<7} bea neutrosophic set vector space over the set S = 5Z'1. 


Define n : V > N([0, 1]) by 


1 
Nail, aol, asl, agl, asl, agl, a7) = —————— + I 
air ach ag 


for every (a;I, agI, a3I, al, asl, agl, a7) in V. V,, is a neutrosophic 
set fuzzy vector space. 


Example 4.4: Let 
al a4l | 
a,l a,l 
V= {a1 a,I ||a, eQL1<1<10 
a,l a,l 
at al | 


be a neutrosophic set vector space over a set S = ZT. 
Define n : V > N([0, 1]) by 


al asl \ 
a,l a,l (eqs if|a,|eZ 
a. 
ak al = ' 
ie $ I+1 otherwise 
al a,l : : 
0 if a-=031=1, 2,.:.,10 
al a,ol 


V,, 1s a neutrosophic set fuzzy vector space. 


Example 4.5: Let 


al bl 
V= 
{(: ea 


al,bl,cl,dI € Z*I U wr} 
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be a neutrosophic set linear algebra over the set S = 3Z'1 U {0}. 
Let yn: V > N((0, 1]). Define 


I+ | ifa+dz0 
al bl oe 
n = 1 5 
cl dl I+—— if b+c#0 
b+c 
i if a+d=0 and ifb+c=0 


Example 4.6: Let V = {(ail, aol, asl, agl, asl, acl) | a 1 e QL 1 < 
i < 6} be a neutrosophic set linear algebra over the set S = Z'1U 
{0}. Let W = {(ail, agl, asl, agl, asl, acl) | a, 1 € ZT U {03} bea 
neutrosophic set linear subalgebra of V over S. 


Define n: W > N([0, 1]) by 


ee if atleast one a, #0 or 1 
n (ail, aol, ..., a6l) = I if all a.'s are 1 
1 if alla,'s are 0; 1<1<6 


It is easily verified that W,, or n (W) is a neutrosophic fuzzy set 
linear subalgebra. 


Example 4.7: Let 
v= al a,I a,l 
a,l aI a, 
be a neutrosophic set linear algebra over the set S = Z'1 U {0}. 


Let 
w= al a,I a,l 
a,l aI a,I 


be a neutrosophic set linear subalgebra over S. 


steht sis} 


seZIU(O} 18156] ay 
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Define n : W > N({0, 1]) by 


1 
| +——____ if a,+a,+a, #0 
a,+a,+a, 
al at a,l) _ \ 
i a,l aI a,I | + ——_—__ ifa,+a,+a,#0 
a Paha, 
1 if a, =0;1<1<6 


W,, is a neutrosophic set fuzzy linear subalgebra. 


Example 4.8: Let 
bI bI 
V = {(ail, ayl, asl),) b,1 b,I]| ai, b} © Z1U {0}; 
b.I by 


1 <1<3; 1 <j < 6} bea neutrosophic set vector space over the 
set S=3Z'T vu {0}. Let W = {(all, ayl, asl) | al €e ZT VU {03;1< 
1 <3}. Define n: W > N((0,1]) 


ie if a, 40;1<1<3 
N(arl, aol, asl) =I + a. 


1 


1 if a, =0;1<i<3 


W,, is a neutrosophic set fuzzy vector subspace. 


Example 4.9: Let 


al a,l a,l)(0 O 0 
wis ; 

0 0 O/)\bI bI b,I 
(ail, al, asl, aal) | bl, ail e ZTU {0}} 


be a neutrosophic set vector space over the set S = 5Z'TU {0}. 
Let 
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well: SS) Gwreraty) 
= py) a 5a 5a 54 
bf bby 


bl, al e ZTU {0}, 1<i<4and1<j<3}cV 


be a neutrosophic set vector subspace of V over S. 
Define 


i 0 | ee: if b, #0;1<i<3 
n b 


1 if b, =0;1<i<3 
and 


n(ail, ayl, a3l, asl) = : i x 
W,, is a neutrosophic set fuzzy vector subspace. 


Example 4.10: Let 


al a,l 0 Obi a 
V= ‘ | a, bi e ZTU {0}; 
0 a,I) \b,I 0 


1 <i<3 and 1 <j < 2} be a neutrosophic semigroup vector 
space over the semigroup S = 3Z'T U {0}. 


Let n : V > N({0,1]) be defined such that 


1 
al a, | +—————_-_ if a, +a, +a, #0 
= a,ta,+a, 
0 a,! 


1 if a,+a,+a,=0 


and 
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0 bi I+ if b, +b, #0 
1 bI 0 = b, +b, 
1 if b, +b, =0 
V, is a fuzzy neutrosophic semigroup vector space or 


neutrosophic fuzzy semigroup vector space or neutrosophic 
semigroup fuzzy vector space. 


Example 4.11: Let 
al 
al cl cI cI 
Vs , (bi, bol, bsI), | 
a,l 0 c,l 0 


a,l 


ail, bl, cl € ZT {0}; 1<i<4,1<j<3and1<k<4} 


be a neutrosophic semigroup vector space over the semigroup S 
=Z'TU {0}. Define n : V > N((0, 1]) as 


I+ if a, +a, #0 
a,+a, 
al : 
aI I+— if a, #0 
ul - a, 
a, \ 
a,l I+— if a, #0 
ay 
1 if a, =0;1<i<4 


ee if b, 40; 1<1<3 
n(biI, bo, bsI) = b, 
1 if b, =0;1<i<3 
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+I if Dic, #0 


Fe cyl . Se, 
1 = 
1 ic C=O 


V,, 1s a neutrosophic semigroup fuzzy vector space. 


Now we proceed onto define the notion of neutrosophic 
semigroup fuzzy vector subspace. 


DEFINITION 4.5: Let V be a neutrosophic semigroup vector 
space over the semigroup S. Let W c V be a neutrosophic 
semigroup vector subspace of V over S. We say W, is a 
neutrosophic semigroup fuzzy vector subspace if 
n:W>N(0,1]) 
such that 
[eee e 
1) (1x) 2 1 (x) 
forallx, y € Wandr éS. 


We will illustrate this situation by some simple examples. 
Example 4.12: Let 
eo ee ae aie ae a 
0 0 0 0) \b, b, b, »b, 
ai, bj € QI; l <i<4, l <j <4} 


be a neutrosophic semigroup vector space over the semigroup S 
=ZTu {0}. Let 


0 0 0 0 
W= |lb,e QL 1<i<s4¢cVvV 
bie Dee by: By 


be a neutrosophic semigroup vector subspace of V over the 
semigroup S. 
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Define n: W > N([0,1]) by 


A 0 0 1+— if b, #0;1<i<4 
y = 
Be 6S Be: 6 

ee, l if b, =0;1<i<4 


W,, is a neutrosophic semigroup fuzzy vector subspace. 


Example 4.13: Let 


ale ZTU {03;1<i<n} 


v= 3 ax, 


i=l 


be a neutrosophic semigroup vector space over the semigroup S 
=ZTv {0}. 
Let 


ale 2ZTuU {0M cV. 


W= {Sate 


i=l 


W is a neutrosophic semigroup vector subspace of V over the 
semigroup S. 
Define n : W > N({(0,1]) by 


eal if }ia, #0 

n[ Sane") = 2A : 
i=l 

1 if }’a; =0 


W,, is a neutrosophic semigroup fuzzy vector subspace. 
Now we define neutrosophic semigroup fuzzy linear algebra. 


DEFINITION 4.6: Let V be a neutrosophic semigroup linear 
algebra over the semigroup S. We say V;, or nV or V(n) is a 
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neutrosophic semigroup fuzzy linear algebra if n : V > 
N([0,1]); such that 


9 (x+y) 2min(n (x), 7 (V); 
1) (1x) 2 (x) 
forr €Sandy,x €V. 


Example 4.14: Let V = {(Z'1 U{0}) x (ZT Uf03) x (Z'T Uf{03) 
x (ZT U{0})} be a neutrosophic semigroup linear algebra over 
the semigroup S = (2Z'T U{0}). Define n : V — N({0,1]) where 


fee if a, #0;1<i<4 
n(ail, al, asl, ay) = a. 


1 


1 if a; =0;1<1<4 


V,, 1s a neutrosophic semigroup fuzzy linear algebra. 


Example 4.15: Let V = {(ail, ..., aiol)| ail € Zi; 1 <i < 10} be 
a neutrosophic semigroup linear algebra over the semigroup S = 
Z,,1. Define n : V > N([0,1]) 


ae if a, #0;1<1<10 


n(ail, aes aol) = a; 
1 if a; =0;1<1<10 


V,, 1s a neutrosophic semigroup fuzzy linear algebra. 
Now we can define neutrosophic semigroup fuzzy linear 
subalgebra as in case of neutrosophic semigroup fuzzy vector 
subspaces. We leave this task to the interested reader. However 
we will illustrate that by some examples. 
Example 4.16: Let 

ve al a,l)( 0 a,I\/bI b,I | 

0 a,I)'\aJ 0 )’'\b,I b,I 


al, bl €¢ QI for 1 <i<5;1<j<4} 
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be a neutrosophic semigroup linear algebra over the semigroup 
S=ZT1vu {0}. 


Take 
w= al al 
0 a,l 


W is a neutrosophic semigroup linear subalgebra of V over the 
semigroup S. 


ale Qib1<i<3}cV. 


Define n : W > N({[0,1]) by 


+I if >a; > 0 
I if }’a; <0 
1 if }’a; =0 
Wn is a neutrosophic semigroup fuzzy linear subalgebra. 


Example 4.17: Let V = {QI [x] | all polynomials in the variable 
x with coefficients from QI} be a neutrosophic semigroup linear 
algebra over the semigroup S=Z TU {0}. 

Let W = {ZI [x] | all polynomials in the variable x with 
coefficients from ZI} c V. 


Define n : V > N([0,1]) by 


1 
(eo, - 
Gaye “eee if deg(p(x)) 
I if deg(p(x)) = constant 
if p(x)=0 


where constant is a neutrosophic number. 
W,, is a neutrosophic semigroup fuzzy linear subalgebra. 
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Now we proceed onto define the notion of neutrosophic group 
fuzzy linear algebra. Just we recall the definition of group fuzzy 
linear algebra. 


DEFINITION 4.7: Let V be a group linear algebra over the 
group G. Let 7: V > [0,1] be such that 


7 (a + b) =min(n(a), 7 (b)) 


n(—a) = 7 (a) 
7(0) = 1 
n(ra) = 7 (a) 


for alla, b € V andr e€ G; we call V, the group fuzzy linear 
algebra. 


DEFINITION 4.8: Let V be a neutrosophic group vector space 
over the group G. 
Let 7: V > N(0,1]) be such that n (ra) = 7 (a) for alla EV 
and 7 (I) =I for alla € V. We call V, or nV or V(n) to be the 
neutrosophic group fuzzy vector space. 


We will illustrate this situation by some examples. 


Example 4.18: Let 


al 


al bi 
V= b I é 0 I (a,I, bi, c,D) | al, biL cil E QI} 
C, 
om 


be a neutrosophic group vector space over the group G = ZI. 
Define for x € V 


fee ifat+b+c2l 
= a+b+c 
me) I ifatb+c<l 


1 if x has no neutrosophic component 


147 


V,, 1s a neutrosophic group fuzzy vector space. 


Example 4.19: Let 
V= {Sate , >a lx” | ai e ZU} 
i=l i=l 


be a neutrosophic group vector space over the group G = ZI. 
Define 
if deg(p(x)) 21 


| +——___ 
deg(p(x)) 
I if deg(p(x)) is neutrosophic constant 


n(p(x)) = 


1 if deg(p(x)) is an interger 


V,, 1s a neutrosophic group fuzzy vector space. 


Example 4.20: Let 
al al] 
a,l a,l : 
V= al € QI; 1<i<8} 
al a, 
at a,l| 


be a neutrosophic group linear algebra over the group G = ZI. 
Define n : V > N([0,1]) by 


‘i ; 
sae if at least one of the a; is non zero 1<1<8 


1 of all the entrires in the matrix is zero 
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V,, 1s a neutrosophic group fuzzy linear algebra. 


Example 4.21: Let 


V= {Sate jal ¢ Ql; 1<i<n} 


i=l 


be a neutrosophic group linear algebra over the group G = ZI. 
Define n : V > N([0,1]) 


n [Sat = 
i=l 


1 
| +————_._ if deg(p(x)) 21 
deg(p(x)) 
I if deg(p(x)) is a neutrosophic constant 
1 if deg(p(x)) is a constant, 1.e., p(x) =0 


V,, or nV is a neutrosophic group fuzzy linear algebra. 
Next we proceed onto define fuzzy substructures. 


DEFINITION 4.9: Let V be a neutrosophic group vector space 
over the group G. Let W CV be a neutrosophic group vector 
subspace of V over G. Define n : W > N([0,1]) as n(ra) = Ha) 
for allr « Ganda € W. We call W, or nW to be a neutrosophic 
group fuzzy vector subspace. 

We will illustrate this situation by some simple examples. 


Example 4.22: Let 


al al a,l)( 0 aI O 
V= . ja le QL 1<i<7} 
0 a, O/)\a.I O al 


be a neutrosophic group vector space over the group G = ZI. 
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Let 


0 a. O 
W= |al € QI.i=5,6,7} cV 
al O al 


be a neutrosophic group vector subspace of V over G. 
Define n : W > N([0,1]) by 


0 aI 0}. 
: al O aul 
I+ if at least one a, is non zero; i=5, 6, 7 


1 ifa,'s are zero;i=5, 6, 7 


W,, is a neutrosophic group fuzzy vector subspace of V. 


Example 4.23: Let 


a,l a,l| jal a, a,l 
VS {(ail, al, asl), 
a a,l aI a,l 


a,l a,l 
al € QI; 1<i1<8} 


be a neutrosophic group vector space over the group G = ZI. Let 


al aI a4! 
= 1 2 3 eV 
a,l aI a, 


be a subspace of V. 
Define n: W > N([0, 1]) by 


be al a ce ifa, #0 fori=1,2, ..., 6 
2 


a,t asl al 1 ifa, =0; 1<i<6 
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Wy is a neutrosophic group fuzzy vector subspace. Now as in 
case of neutrosophic group fuzzy vector subspace we can define 
neutrosophic group fuzzy linear subalgebra. 


We will however give some examples of neutrosophic group 
fuzzy linear subalgebras. 


Example 4.24: Let 


al a,l az,l 
V= 5\a,1 at a.) ale Qbilsis9} 


al aI a! 


be a neutrosophic group linear algebra over the group G = ZI. 
Let 


al aI a,l 
W=,/a,l at aI jj/aleZl1<i<s9}cVv 


al aI aI 


be a neutrosophic group linear subalgebra over the group G = 
ZI. 
Define n : W > N({0,1]) by 


ao ; 
al at a,l I+— ifa,#0;1<i<9 
a 


nia, al aI} = 


i 


al a,I a, 1 ifa; =0; 1<1<9 


W,, is a neutrosophic group fuzzy linear subalgebra. 


Example 4.25: Let 


V= 3 aIx'|ale ar} 
i=0 
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be a neutrosophic group linear over the group G = ZI. Let 


W= {Sate lale ZX} CV 


i=0 


be a neutrosophic group linear subalgebra of V. 
Define n : W > N({(0,1]) by 


n [Sats = n(p(x)) = 


1 
| +————._ if p(x) Is not a constant 
deg(p(x)) 
1 if p(x) is zero 
I if p(x) 1s a neutrosophic integer 


W,, is a neutrosophic group fuzzy linear subalgebra. 


DEFINITION 4.10: Let V be a neutrosophic group linear algebra 
over the group G. Let W CV, where W is a subgroup of V and 
H CG be a proper subgroup of G; so that W is a neutrosophic 
subgroup linear subalgebra of V over the subgroup H of G. Let 
7: W > N(0,1]) if W, is a neutrosophic group fuzzy linear 
algebra then we call Wn to be a neutrosophic subgroup fuzzy 
linear subalgebra. 


We will illustrate this by some simple example. 


Example 4.26: Let 


al al 
V= 0 jai € QI, 1 <1<3} 


a,l 


be a neutrosophic group linear algebra over the group G = ZI. 
Let 
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al al ; 
W= jJaje ZI,1<i<3}cV 
a,l 0 


be a neutrosophic subgroup linear subalgebra of V over the 


subgroup H = 3ZI cG. 
Define n : W > N([0,1)) 


1 
al al I+— ifa,40;1<1<3 
Mar poe a 

as 1 ifa, =0; 1<i<3 


Wn is a neutrosophic subgroup fuzzy linear subalgebra. 


Example 4.27: Let 


al al 0 ; 
V= Jal e ZI, 1<1<4} 
al OO a,l 


be a neutrosophic group linear algebra over the group G = ZI. 
Let 


al aI 0 
W= Jal ¢5ZI,1<i<4tcV 
al O as,l 


be a neutrosophic subgroup linear subalgebra over the subgroup 
H=10ZI c ZI. 


Define n : W > N({(0,1)) 


be aI ie ifa, #0;1<1<4 
n a 5 


a 1 ifa,=0; 1<i<4 


Wn is a neutrosophic subgroup fuzzy sublinear algebra. 
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The importance of this structure is we do not demand 
neutrosophic field over which these structures are defined. Even 
a neutrosophic set is sufficient we know when we define fuzzy 
vector space or fuzzy linear algebra the field over which they 
are defined do not play any prominent role. 

Another advantage of working with these fuzzy 
neutrosophic vector spaces is in most of the cases they become 
fuzzy equivalent. 

Further our transformation to fuzzy set up demands only 
values from the set N [(0,1)] = {a+ bI | a, b € [0,1]}. 

Further if we go for neutrosophic Markov process or 
Markov chains the probability matrix is a square matrix with 
positive entries from N([0,1]). 
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Chapter Five 


NEUTROSOPHIC SET BIVECTOR SPACES 


In this chapter we introduce the notion of neutrosophic set 
bivector spaces and neutrosophic group bivector spaces. We 
enumerate some of their properties. These are useful on the 
study of mathematical models. 


DEFINITION 5.1: Let V = V; U V> where V; and V> are two 
distinct neutrosophic set vector spaces defined over the same set 
S. That is V; Z Vand V, Z Vi, we may have V; 7 V2 = gor non 
empty. We call V to be the neutrosophic set vector bispace or 
neutrosophic set bivector space over the set S. 


We will illustrate this by some examples. 


Example 5.1: Let V = V, U V2 where 
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V,- al al . a,l 0 
0 a,I)\a,I 0 


V2=3(a a,l a,l), 


alegtuposisiss| 


and 


ale Z'I 


be neutrosophic set vector spaces over the set S = 5Z'I. Visa 
neutrosophic set bivector space over the set S. 


Example 5.2: Let 


al a,l) (bJ b,I b,I 
V=s{a,l a,j) b,1 bbl ja bbleZ,I7 U 
a,l a,I) \b,I b,I b,I 


f(a], aol, a3l, agl), 0, Z1| al e Z1U {0}, 1<i<4}=ViUV> 
be such that V, is a neutrosophic set vector space over the set S 
= {0, 1} and V2 is a neutrosophic set vector space over the set S 
= {0, 1}. Thus V is a neutrosophic set bivector space over the 
set S = {0, 1}. 


Now we proceed onto define substructure in neutrosophic set 
bivector spaces. 


DEFINITION 5.2: Let V = V; UV> be a neutrosophic set bivector 
space defined over the set S. A proper biset W = W, UW2 CV, 
UV, = V, (Wi © V; and Wz © V2) such that W; and W, are 
distinct and each W; is a neutrosophic set vector subspace of V; 
over the set S; 1 Si <2 is called the neutrosophic set bivector 
subspace of V over the set S. 


We will illustrate this definition by some examples. 
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Example 5.3: Let 
V=V,UV2= 


al 
a,l |,(b,1,b,1,b,1, b,I,b,1) Jal, ble ZI;1<i<3;1<j<5 


a, 
al a,l 
ena (4 
a,l 0 
be a neutrosophic set bivector space over the set S = {0, 1}. 
Take W = Ww, U W> = {[biI, bol, b3I, bal, bs] | bl E ZI; l<i< 5} 


U {ZI} CV, U V2; W is a neutrosophic set bivector subspace of 
V over the set S = {0, 1}. 


seit sis3| 


Example 5.4: Let 
V=V,UV2= 3Z'T, 5ZI} U 


al aI a,l (b,1,b,1) 
Bel Ae alee 


be a neutrosophic set bivector space over the set S = 10Z’T. 
Take W = W; U W2= {3Z'T! U {(biL, bol) | bi, boI € ZT! CV, 
U V>2, W is a neutrosophic set bivector subspace of V over the 
set S= 10Z’1. 


abeSZ10 hssis618)52} 


DEFINITION 5.3: Let V = V; U V2 be a neutrosophic set 
bivector space over the set S. Let X = X; UX, CV; UvV2 = V, 
we say X is a bigenerating biset of V if X, is the generating 
neutrosophic set vector space of V; over S and X> is the 
generating neutrosophic set vector space of V2 over S. The 
number of elements in X = X, UX) is the bidimension of V and 
is denoted by |X| = (|X_|, |X2|) or |X7| U |X|. 


We will illustrate this by some examples. 
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Example 5.5: Let 
V=V,UV2= 


xX, X, X, : 
{(a, b, c), a, b,c, xi € N (Q); 1 $i< 6} 
Myo hy SME 


U {(a, a, a, a, a), |a,b e N (Z)} 


Tororo er oS 


be a neutrosophic set bivector space over the set S = N (Z). 


X = {(a, b, 0), * " ‘| a, b,c, xi € N(Q); 1 <i<6} 


X, Xs Xe 


U {7, 1, 1, 1, 1), | 1}} 


=X, U X) 
is the bigenerating biset of V over S. Clearly |X| = (, 2). 
Example 5.6: Let 


oo} i}lo able obs olla i} 


V 


II 
— 
\ a 

— 
— 
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OG ole a} 

by) ej U 
Op tt Oho 6 
£(0.0 1), (00 0), (1 100), (0000), 


(111),(101),(0011),(1010)} 
=V,iUV> 


be a neutrosophic set bivector space over the set S = {0, 1}. 


(90 90 INE 
Oe ape 


(00 1),(1 100), (111),(011),1101)(1010)} 


is the bigenerating biset of V over S. |X| = (|Xj|, |X|) = (8, 6); 
thus bidimension of V is finite. 


Now we have special substructures which we define in the 
following: 


DEFINITION 5.4: Let V = V; U V2 be a neutrosophic set 
bivector space over the set S. Suppose W = W; UW2 CV UV? 
= V is such that W is only a set bivector space over the set S, 
then we call W to be a pseudo neutrosophic set bivector 
subspace of V over S. 


DEFINITION 5.5: Let V = V; U V2 be a neutrosophic set 
bivector space over the set S. Suppose W = W, UW, CV = VJ; 
U V2 is such that W, is a neutrosophic set vector subspace of V; 
and W, is just a set vector subspace of V2 then we call W to a 
quasi neutrosophic set bivector subspace of V over S. 
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We will illustrate the two definitions by some examples. 


Example 5.7: Let 


a b)\(0 O 
V=V,U V2= * 
0 O/\e d 


y, X,Y; € N(Z); 
U (aay et), Y= || Pores: 


¥s) |15 153 


a,b,c,de No) 


be a neutrosophic set bivector space over the set S = {0, 1}. 


Take 
a b)/{0 O 
W=W,U W2= ; 
0 O)/\le d 


y, XY; — N(Z); 
(Sask ke) V5) | ares: 


y3/|1<js<3 


areas} U 


EVI NaS Ns 
W is a pseudo neutrosophic set bivector subspace of V over S. 
Example 5.8: Let V = V; U V2 = {N(Q)[x]; that is N(Q)[x] is 


the set of all polynomials in the variable x with coefficients 
from N(Q)} U 


{(x, y, Z), x, y, z, w € N(Z,)} 


=N“« 
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be a neutrosophic set vector bispace over the set S = {0, 1}. 
Take 
WH WY Wo= {Q[x]} UG y, Z) |X y, Z € Z7$ 
EVES Ns: 
W is a pseudo neutrosophic set bivector subspace over the set S 
= {0, 1}. 


At this juncture it is essential to make the following 
observations. 


THEOREM 5.1: Let V = V; U V2 be a neutrosophic set bivector 
space over the set S (where S = ZI or mZ'I, me N or OI or O'! 
or RI, R'I, or Cl or Z,1J; mS coandm é€{0, 1, ..., n\n S op). 
Then V has no pseudo neutrosophic set bivector subspace. 


Proof: Given the set over which the neutrosophic set bivector 
space V = V, U V> 1s defined is a pure neutrosophic set then by 
the very definition of neutrosophic set bivector space both V, 
and V, cannot have a set vector subspace hence the claim. 


We will illustrate this by some examples. 


Example 5.9: Let V = V, U V2 = {N(Q)[x]; all polynomials in 
the variable x with coefficients from the neutrosophic set N 


(QV 


al al a] 
, (al, al, al, al, al) | a;, a © QI; 1 <i <6} 
a,l a,I a, 


be a neutrosophic set bivector space over the set S = Z’'I. 
Clearly we have in V, a subset W, = {Q[x]} which is a proper 
subset of V, but however Q[x] is not a set vector space over the 
set S = ZI. Thus we see V does not have a pseudo neutrosophic 
set bivector subspace. 


Example 5.10: Let V = Vi U V2 = {Msx6 = (mij) is the collection 
of all 5 x 6 matrices with entries from QI} U {(ajI, aol, ..., ay,D) 
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| a; € ZI; 1 <i < 11} be a neutrosophic set bivector space over 
the set S = Z’'I. Clearly V has no pseudo neutrosophic set 
bivector subspace. 


DEFINITION 5.6: Let V = V; U V2 where V, is a neutrosophic 
set vector space over the set S and V> is just a set vector space 
over the same set S. We call V to be a quasi neutrosophic set 
bivector space over S. 


Note: It is important to note the set S in the definition can only 
be a subset of reals or complex or rationals or integers and is 
never a neutrosophic subset. Thus for quasi neutrosophic set 
bivector space to be defined the set over which it is defined is 
only an ordinary set. 


We will illustrate this situation by some examples. 


Example 5.11: Let 


a b 
veviuvse | 
c d 


al bl cl 
| al, bI, cl, dl, fl € ZI} 
dl oO fi 


she deQhu 


be a quasi neutrosophic set bivector space over the set S = Z. 


Example 5.12: Let 
V=V\UV2 

a 0 

a, 30,X%, €Q3 
= <| bis kK. xX, Ry * ' 
Pata Nicies 

al a,I a,I\)(0 0 0 )ja.b.eZI; 

OY O.. ONO L: 0 br) teat <9 
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be a quasi neutrosophic set bivector space over the set S = 3Z* 
U {0}. 


It is important to note that quasi neutrosophic set bivector 
spaces can either have quasi neutrosophic set bivector subspaces 
or pseudo neutrosophic set bivector subspaces. Clearly quasi 
neutrosophic set bivector spaces do not contain neutrosophic set 
bivector subspaces. 


DEFINITION 5.7: Let V = V; U V2 be a quasi neutrosophic 
bivector space over the set S. Suppose W = W,; UW; CV, UV> 
is a proper subset of V and W is also a quasi neutrosophic 
bivector space over S§ then we define W to be a quasi 
neutrosophic bivector subspace of V over the set S. 


We will illustrate this by some examples. 


Example 5.13: Let 
V=V,UV> 
b, b 
' ? |la.,b;, €Q; 
a, a, a, b, b, P 
= ; 1<i<6 
a, as a b, b, {<x i<8 
be by 


U {(5ZI x 5ZI x 3ZD), (7ZI x 13Z1 x 11ZI x 17ZD} 


be a quasi neutrosophic vector space over the set S = Z. Let 


W= Ww, U W> 
a a a 
= { oe :) U {(5ZI x 5ZI x 3ZD} 
a: de. wae 
GViv Va, 


W is a quasi neutrosophic bivector subspace of V over the set S. 
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Example 5.14: Let 


a, 
a, 
V=V,U V2= 4(QxQ),| a; |fa, eZ;1<i<5> U 
a4 
as 
al a,l)faJ aI a,l\| aleQl; 
{2 ale a,l 4 oo 


be a quasi neutrosophic bivector space over the set S = 5Z. 
Take 


W=W,U W> 
ay 
a, 
; al al . 
= 4) a, || € Zl sSis3 ale Qiilsis4 
a,l a,I 
a, 
as 
CViV V2, 


W is a quasi neutrosophic bivector subspace of V over the set S. 


DEFINITION 5.8: Let V = V; U V2 be a quasi neutrosophic set 
bivector space over the set S. Choose W = W; UW, CV, UJV> 
such that W is a set bivector space over the set S then we call W 
to be a pseudo quasi neutrosophic set bivector subspace of V 
over the set S. 


We will illustrate this situation by some examples. 
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Example 5.15: Let 


V=V,UV> 


pie ye Fa 
(ENG IE IEG S 


be a quasi neutrosophic set bivector space over the set S = 5Z” 
U {0}. Take 


areea} U 


al, bl € ZI 
X,yedZ 


(20 Spee} 


CVU V2; 
W is pseudo quasi neutrosophic set bivector space over the 
set S. 


wyes?| 


Example 5.16: Let 
V=V,U V2 
a 
a b 
a bc b 
= >| © d ,(a,b,c,d), a,b,c,deZ 
d 0 0 Cc 
0 0 
d | 


a,b,c,de€ No) 


a b 
U 
c d 
be a quasi neutrosophic set bivector space over the set S = Z. 
Take 
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W=W,U W2= 


a be 
,(a,b,c,d)| a,b,c,d Ee5N>7 U 
d 0 0 
a b HEREC 
a,b,c,d€ 
c d 
CV, UV? 


is a pseudo quasi neutrosophic set bivector subspace of V over 
the set S. 


DEFINITION 5.9: Let V = V; U V2 be a quasi neutrosophic set 
bivector space over the set S. Suppose W = W; UW, CV, UV> 
and W is a quasi neutrosophic set bivector space over the set T, 

T a proper subset of S, then we call W to be a quasi 
neutrosophic subset bivector subspace of V over the subset T of 
S. 


We will illustrate this situation by some examples. 
Example 5.17: Let 


a b 
veviovee | 
c d 


a 
{Zo X Zr9 X Zr, | b || a, b, c © Zoo} 


Cc 


a,b,c,de N20] U 


be a quasi neutrosophic set bivector space over the set S = Zy9. 
Take 


W= Ww) U W> 
a 
al bl 
= al, bI,cl,dl € Z,,I-U 4] b |ja,b,c €Z,, 
cI dl 
Cc 
CV, U V2; 
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W is a quasi neutrosophic subset bivector subspace of V over 
the set T= {0,5, 10, 15} cS. 


Example 5.18: Let 
V= Vi U V> 


a be 
= ,(a, b, C, d, e, f) 
def 


a,b,c,d,e,f no) U 


{(ZxZxZxZ), | a,b, c, d,e € Z} 


fo?) ao ST & 


be a quasi neutrosophic set bivector space over the set 2Z = S. 
Take 


W=W,U W2= 


a be 
2 (a, b, C, d, e, f) 
d e f 


U{(ZxZxZxZ)coViU Vo, 


a,b,c,d,e,f € No) 


W is a quasi neutrosophic subset bivector subspace of V over 
the set T= 10Z cS. 


Now we proceed onto define the notion of neutrosophic set 
bilinear algebras. 


DEFINITION 5.10: Let V = V; U V2 be such that V; is a 
neutrosophic set linear algebra over the set S and V> is also a 
neutrosophic set linear algebra over the same set S, then we call 
V to be a neutrosophic set bilinear algebra over the set S only if 
Vi ZV> and V> ZV, or V, #V>. 


We will illustrate this situation by some examples. 
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Example 5.19: Let 


(°°) 


be a neutrosophic set bilinear algebra over the set S = Zs. 


V=V,;UV2= 


a,b,c,d E N29} U {Zysl x Zi5l x Zys5l x Z151} 


Example 5.20: Let 
V=V,U V2 


= {(ajl, aol, asl, agl, asl, acl) | ail € QI; 1 <1 < 6}} 


a b b 1 
U ee 


be a neutrosophic set bilinear algebra over the set S = QI. 


Now we proceed onto define substructure of neutrosophic set 
bilinear algebras. 


DEFINITION 5.11: Let V = V; U V2 be a neutrosophic set 
bilinear algebra over the set S. Suppose W = W, UW2 CV, VU 
V, is a proper bisubset of V and W itself is a neutrosophic set 
bilinear algebra over the set S then we call W to be a 
neutrosophic set bilinear subalgebra of V over the set S. 


We will illustrate this by some examples. 


Example 5.21: Let 


(°°) 


(= {(al, bl, cl, dl) | al, bI, cl, dI € ZI}) 


V=V,UV> 


a,b,c,deé na U {ZI x ZI x ZI x ZI] 


be a neutrosophic set bilinear algebra over the set S = 5Z. Take 
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W=W,U Wd 
_ |fal bi 
cl dl 


W is a neutrosophic set bilinear subalgebra of V over the set S = 
SZ. 


al, bI,cl,dI € a} U {ZI x ZI x {0% x {0%} 


CV, UV); 


Example 5.22: Let 
V= Vi U V> 


_|fa bee 
de f 
{? i 
S) 

c d 
be a neutrosophic set bilinear algebra over the set S = Zp. 
Take 

a bec 
W= 
tag 


(ps 


=W,UW2c VU V2; 


a,b, C, d, e, f € Nz. 


a,b, C, d € Nz. 


a,b,c,de Nz. U 


a,b <niza)} 


W is a neutrosophic set bilinear subalgebra of V over the set S. 


We have the following result the proof of which is left as an 
exercise to the reader. 


THEOREM 5.2: Every neutrosophic set bilinear algebra V over 
a set S is always a neutrosophic set bivector space over the set S 
but however in general every neutrosophic set bivector space 
over a set S is not a neutrosophic set bilinear algebra over S. 
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DEFINITION 5.12: Let V = V; U V2 be a neutrosophic set 
bilinear algebra over the set S. Suppose X = X; UX CV; UDV> 
= V is such that X, is a generating set of V; over S and X is a 
generating set of V2 over S then we call X = X; UX to be the 
generating bisubset of V over S. The bidimension of V is the 
cardinality of X = X; UX> denoted by |X| = (\X_|, |X|). 


We will illustrate this situation by some examples. 


Example 5.23: Let 


aa 
veviove | 
aa 


be a neutrosophic set bilinear algebra over the set S = ZI. 
Clearly 


seni} U {(a, a, a, a, a, a)|a e ZI} 


X= {( a OA 1 EAD 3G we 


bigenerates V over ZI. The bidimension of V is (1, 1). 


X,€ a 


be a neutrosophic set bilinear algebra over the set S = ZI. 


3 I 0 0\/0 I 0)\(0 0 IT 
X = {I, Ix, Ix’, ...} U : ; ) 
0 0 0)\0 0 0)/\0 0 0 


0 0 0)/0 0 0\/(0 0 0 
b 9 c<V,UV> 
I 0 0/\0 I O/\0 0 I 


Example 5.24: Let 


X, X,  %3 
V=V,U V2= ZI[xk] U 


X, Xs X¢ 
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is a bigenerator of V over the set S. Clearly bidimension of V is 
infinite as |X| = (|Xj|, |X2l) = (©, 6). 


DEFINITION 5.13: Let V = V; U V2 be a neutrosophic set 
bilinear algebra over the set S. Suppose W=W, UW2 CV, VU 
V2 is such that W = W,; UW; is only a neutrosophic set bivector 
space over the set S then we call W to be a pseudo neutrosophic 
set bivector subspace of V over the set S. 


We will illustrate this by some examples. 


Example 5.25: Let 


ee 


be a neutrosophic set bilinear algebra over the set S = ZI. 


Swf 902 


{5ZI x 3ZI x {0}, {0} x {0} x ZI} CV, U V2 


a,b,c,de a} U {ZI x ZIx ZR =V;,U Vo 


a,be a} U 


Then, W is only a neutrosophic set bivector space over the set S 
= ZI]. Thus W is a pseudo neutrosophic set bilinear subalgebra 
over S. 


Example 5.26: Let 


a, a, a, 
V= jai e QI; 1<i<s6}U 


@, “Ay ag 


{QI[x]; all polynomials in the variable x with coefficients from 
QI} = V, U V2 be a neutrosophic set bilinear algebra over the 
set S = ZI. Choose 
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W=W,U W2= 


ai 0 O)\f 0 a, O 

O Or ajay <0" gy 
{SZI[x], 3ZI[x] where 5ZI [x] denotes the set of all polynomials 
in the variable x with coefficients from 5ZI and 3ZI [x] denotes 
the set of all polynomials in the variable x with coefficients for 


3ZI} < V; U V2. W is a pseudo neutrosophic set bivector space 
over the set S = ZI. 


A,,45,4,,04 <a} U 


DEFINITION 5.14: Let V = V; U V2 be a neutrosophic set 
bilinear algebra over the set S. Let W = W; U Wy, be such that 
W_ is a neutrosophic set linear subalgebra of V; over S and W, 
is only a neutrosophic set vector subspace of V2 then we call W 
= W, UW; to be a quasi neutrosophic set bilinear subalgebra 
of V over the set S. 


We will illustrate this by some simple examples. 
Example 5.27: Let 


a b a, a, 4a, 
V=V,;UV2= a,b,c,d € QI U 
c d a, a, a, 


such that a; € QI; 1 <i < 6} be neutrosophic set bilinear algebra 
over the set S = ZI. 
Consider 


W=W,U W> 


(i she 9) 
epsas 


CVU V2; 


a,be a U 


a ezhisiso} 
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W is only a quasi neutrosophic set bilinear subalgebra of V over 
the set S = ZI. 


Example 5.28: Let 
a, a, 
de. ay 
a a, €QU1<is8? U 

as a6 
dig 22 

Qe Cage he: Aa 28 

oe pees ‘ a, € ZI1<i<10 
a6 a, ag ay Ay9 


=V,UVWV> 


be a neutrosophic set bilinear algebra over the set S = ZI. Take 


WH= Ww, U W> 
a, a,) (0 0 
0 0 a; a4 i 
= a, €Qb1<is8- U 
0 O as ag 
Bn. Hay 0 0O 
a, a, a, a, a 
1 2 3 4 fa, eszitsisi0 
a, a, a, aA, Ay 
EV,U V2; 


W is a quasi neutrosophic set bilinear subalgebra of V over the 
set S. 
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DEFINITION 5.15: Let V = V; U V2 be such that V; is a 
neutrosophic set linear algebra over the set S and V; is a only a 
set linear algebra over a set S then we call V to be a quasi 
neutrosophic set bilinear algebra over the set S. 


We shall illustrate this situation by some examples. 


Example 5.29: Let 


a b 
V=V, UV2= { 
c d 
a; a, 4, 
Ags ag- say 


where V; is a neutrosophic set linear algebra over the set S = Z” 
U {0} and V> is a set linear algebra over the same set S = Z* U 


{0}. We see V = V, U V> is a quasi neutrosophic set bilinear 
algebra over the set S. 


a,b,c, de al U 


a ezhisiso} 


Example 5.30: Let V = V,; U V2 where V; = {Z[x]; all 
polynomials in the variable x with coefficients from the ring Z} 
is a Set linear algebra over the set S = Z and V2 = {QI x QI x QI 
x QI xQ x Q x QI} be a neutrosophic set linear algebra over the 
set S = Z. V = V; U V2 is a quasi neutrosophic set bilinear 
algebra over the set S. 


DEFINITION 5.16: Let V = V; UV where V, is a neutrosophic 
set linear algebra over the set S and V> is a neutrosophic set 
vector space over the same set S then we call V to be a pseudo 
neutrosophic set bilinear algebra over the set S. 


We will illustrate this by some examples. 


Example 5.31: Let 
V= Vi U V> 
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be a pseudo neutrosophic set bilinear algebra over the set S = 
ZI. 


Example 5.32: Let 


be a pseudo neutrosophic set bilinear algebra over the set S = 
Z'T; here Vj is only a neutrosophic set vector space over S = Z'T 
and V> is a neutrosophic set linear algebra over the set S = Z’'T. 


We define neutrosophic set bilinear transformation of these in 
the following. 


DEFINITION 5.17: Let V = V; U V2 and W = W, UW; be any 
two neutrosophic set bivector spaces defined over the same set 
S. A map T = T; UT) from V = Vi U V2 to W, UW, is a 
neutrosophic set bilinear transformation of the neutrosophic set 
bivector spaces if T; : V; + W, and T, : V2 > Wy, are 
neutrosophic set linear transformations of the neutrosophic set 
vector spaces. 


Here T= 7T, UT2: V=Vi U V2 3 W=W, VU W2 where T; : 
Vi7 W, UT2V2 3 W2=T:V 53 WHT, UV T2:V,U Vo 5 
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W, U W>. On similar lines one can define neutrosophic set 
bilinear transformations of neutrosophic set bilinear algebras. 

If W = W,; U W3j is replaced by V = V; U V2 we call such 
neutrosophic set bilinear transformations as neutrosophic set 
bilinear operators on V. 

We denote the collection of all neutrosophic set bilinear 
transformations of V to W by NHomsg (V = V,; U V2, W = Wy U 
W>.) and that of the neutrosophic set bilinear operators of V to V 
by NHoms (V =ViU V>), V=V,U V>). 


We will illustrate this situation by some examples. 


Example 5.33: Let 
V=ViU V2 


_|fa 0)/0 b 

b 0} (0 d 
a, a, a,)(0 0 0 0 
0 0 a,) la; a, 0 0 


a,b,c,d <a} ty) 


1 <Qulsis6| 


and 
W=W,U W> 
= {QI x QI x QI x QI} 
a, a, 0 0 | 
5 |g. ae | a, €QI;1<i<6 
as a6 
0 O 


be neutrosophic set bivector spaces defined over the set S = ZI. 
Define yn = 11 Um=V=aV,0U V2. > W=W, U W) where n, 
:V,; > W, and n2: V2 > W2 as 


econ 
N1 5 0 = {(a, 59 y}, 
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and 


It is easily verified that n : V > W 1s a neutrosophic set bilinear 
transformation of V to W. 


Example 5.34: Let 


(GIG HE HG: 


U {(a bc 0), (0 0 a), (00ab0c)|a,b, c € ZI} bea 
neutrosophic set bivector space over the set S = ZI. 
Define n : V > V as 
N=nVUN: Vit V2= VO VLU V2=V 
n1: V; > V, is such that 


a,b,c Ee al 


m(. J-( 2} 
al alee 


and 
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N2: V2 > V2 is such that 
N2 (a, b, c, 0) = (0, 0, a, b, 0, c) 
N2 (0 0 a) =(0 0 a) 
and 
N2 (0, 0, a, b, 0, c) = (a, b, c, 0). 


It is easily verified that n : V > V (ni: Vi > Vi) U (M2: V2 © 
V>) is a neutrosophic set bilinear operator on V. 

Interested reader can study the structure of NHoms (V, W) and 
NHomsg (V, V) where V and W are neutrosophic set bivector 
space over the set S. 

Next we proceed onto give examples of neutrosophic set 
bilinear algebra transformations. 


Example 5.35: Let 


a b 
veviovee | 
c d 


be the collection of all polynomials in the variable x with 
coefficients from QI} and 


a,b,c,de€ a U {Sax = p(x) 
i=l 


W=W,U W2= {(a, b, c, d) | a, b, c, de QU} 
U {Sax = q(x) 
i=l 


be the collection of polynomials in the variable x of even degree 
with coefficients from QI} be two neutrosophic set bilinear 
algebra over the set S = ZI. 

Define n =i U2: Vi VU V2 = V > WU W2 = Was 1 : 
V, > W; and n2 : V2 > W> such that 


a b 
nu ( ]= trod 
c d 


and 
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n n 
. 
N2 > ax = > a:x * 
i=l i=l 


It is easily verified that yn is a neutrosophic set bilinear 
transformation from V to W. 


Example 5.36: Let 
V=V,UV2= 
a, a, a 
{ 7 ‘Jos<aursiss} u 

a, a, a, 
a, a, a, 
a, a, a, jja; eQLb1<i<9 
a a 


be a neutrosophic set bilinear algebra over the set S = ZI. 
Define n = 11 Un: V=V, UV,7 V=V,U V2 by 


n1: Vi V, and no: V2 > V2 


and 
a a, 4, a; ag a, 
N2} 4, Aas Ag | ~) a, As ae 
das, A Jay a, a, a, 


It is easily verified that n is a neutrosophic set bilinear operator 


on V. 
We proceed onto define the notion of neutrosophic biset 


bivector spaces. 
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DEFINITION 5.18: Let V = V; U V2 be such that V; is a 
neutrosophic set vector space over the set S; and V> is a 
neutrosophic set vector space over the set S>; S; #S2; S; ZS2. 
We define V = V,; U V2 to be the neutrosophic biset bivector 
space over the biset S = S; US). 


We will illustrate this by some examples. 
Example 5.37: Let V = VU V2 where . 


Vi = {(a, b, c), a, b,c, d € QI} 


aa» ne 


be a neutrosophic set vector space over the set S; = 5ZI and 


We a 0 a, a, 4, 
b 0 a, a, a, 
be a neutrosophic set vector space over the set S) = 7Z'1 U {0}. 


V = V; U V>2 is a neutrosophic biset bivector space over the 
biset S = Si U S». 


a, b, a; € ZI; 1 <1< 6} 


Example 5.38: Let V = V; U V2 where V; = {ZI[x]; ie., all 
polynomials in the variable x with coefficients from ZI} is a 
neutrosophic set vector space over the set S; = 3Z Tu {0} and 
a b 
¥2= 1.6.0, [ Jsbedezn 
c d 
be a neutrosophic set vector space over the set S) = 5Z° Iu {0}. 


V = V; U V2 is a neutrosophic biset bivector space over the set 
S= S1 U S». 
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These types of algebraic structures will find their applications in 
mathematical models. 


Example 5.39: Let V = V; U V2 where V; = {(0 0 0), (10 0), (0 
11),(00000), (0001, (0000), (1111), 1 010) (1, I, 0, 0, 
I), (0 01 1 1)} is a neutrosophic set vector space over the set S, 
= Z, = {0, 1} and 


a b c)fa 0 O 
V.= 5|d 0 e},}b O O/Ja,b-c,d,e,f,g € Z.1 
0 0 file 0 g 


is a neutrosophic set vector space over the set S, = Z; I. Thus V 
= V, U V2 is a neutrosophic biset bivector space over the biset S 
= Si U S>. 


DEFINITION 5.19: Let V = V; U V2 be a neutrosophic biset 
bivector space over the biset S = S; US. Let W = W,; UW2 © 
V, UV2; if W is a neutrosophic biset bivector space over the set 
S = S; US) then we call W to be a neutrosophic biset bivector 
subspace of V over the biset S = S; US». 


Example 5.40: Let V = V, U V2 where 


aa 
Vi = { ace 2 
aa 


is a neutrosophic set vector space over the set S; = Zj2I and 


a, a, a,)(0 O O 
V> a 3 a,€ Zick 
0 0 O/)\a, a; a, 


is a neutrosophic set vector space over the set S. = ZjsIl. V = V; 
U V> is a neutrosophic biset bivector space over S = S; U Sp. 
Let W = W, U W> where 
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wall) 


be a neutrosophic set vector subspace of V; over S; and 


W> = a, a, a, 
0 0 O 
be the neutrosophic set vector subspace of V, over S; W = W, 


U W2 Cc V; U V> is a neutrosophic biset bivector subspace of V 
over the biset S = S; U So. 


ae {0, 3], 6l, ah cV; 


a,€ za c V2 


Example 5.41: Let V = V, U V2 where 
a, 
Vi=4/ a, |,(a,,a,,a,) a, eZb1<1<3 


a, 


is a neutrosophic set vector space over the set S, = ZI and 


a, 0 
a 00. vay. oO 0 a, ; 
Vo= : a €Z,.[1<i<4 
0 a, O a,/}a, O 
0 a 


4 


be a neutrosophic set vector space over the set S) = ZsI. V = V, 
U V, is a neutrosophic biset bivector space over the biset S = S; 
U S». 
Take W = Ww, U W> Ce Vi U V> where 
Wi = {(a1, a, a3) | aj e ZI, 1<is3} cv, 


be the neutrosophic set vector subspace of V; over S; and 
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a, O a, O 
W2= a, €Z,.b1<i<s4;- CV» 
0 a, 0 a, 
be the neutrosophic set vector subspace of V, over S>. Then W 


= W,; U W2 is a neutrosophic biset bivector subspace of V over 
the biset S = Si U S». 


DEFINITION 5.20: Let V = V; U V2 be a neutrosophic biset 
bivector space over the biset S = S; US). 

[fX =X, UX) CV; Ud; is such that X; generates V; over 
S; and X> generates Vz over S> then we say X = X; UX? is the 
bigenerator of the neutrosophic biset bivector space V = V; U 
V> over the biset S = S; US. 

The bicardinality of X = X; UX> denoted by |X| = |X; UX)| 
= |X| U|X)| or (X1|, |Xo|), gives the bidimension of V over S. 


We will illustrate this situation by some examples. 


Example 5.42: Let 


V= {(aaaa), Jae ZI} uU 


oso 92 2 2 ®& 


aoa 
{(a, a, a, a, a, a, a), Jae Zy]}. 
aoa 
V, U V2 be a neutrosophic biset bivector space over the biset S 
=ZIU Zi51 = Si U Z12. 


Take 
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K=4(1 111), 


|) il 
U {d, 1,1, 1,1, 1, 1), f "| 


=X,UXCVU V2; 


es ee eee 


clearly X bigenerates V and bidimension of V is (2, 2). 


Example 5.43: Let V = Vi; U Vo, where V; = {ZI[x]; all 
polynomials in the variable x with coefficients from ZI} is a 
neutrosophic set vector space over the set S; = ZI and 


ae 


be a neutrosophic set vector space over the set S; = Z3I. V = V, 
U V> is a neutrosophic biset bivector space over the biset S = S; 
U S». V is infinitely generated by any X = X; U X, over S = S; 
U S>. 


a,b,c,de 2 


Now we proceed onto define neutrosophic biset bilinear algebra 
and enumerate few of their properties. 


DEFINITION 5.21: Let V = V; U V2 where V, is a set linear 
algebra over the set S; and V, another neutrosophic set linear 
algebra over the set S) which is distinct and different from V1; 


further S; #S> or S; Z S2 or S; ZS}; then we call V to be the 
biset bilinear algebra over the biset S = S; US». 


We will illustrate this by some examples. 


Example 5.44: Let V = V, U V2 where 
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fe 


is a neutrosophic set linear algebra over the set S; = ZsI and V> 
= {QI x QI x QI x QI} is a neutrosophic set linear algebra over 
the set So = QI. Now V = V,; U V> is a neutrosophic biset 
bilinear algebra over the biset S = S; U Sp. 


{6 oie MG iG a 


U {(I, 0, 0, 0), (0, I, 0, 0), (0, 0, I, 0), (0, 0, 0, ID} 
=X) UX,cV; U Vo; 


a,b,c,de€ 2 


X bigenerates V as a neutrosophic biset bilinear algebra over the 
biset S = S; US). The bidimensin of V is (4, 4). 


Example 5.45: Let V = V, U V2 where 


a, a, a 
VU 1 2 3 
Aig We Ay 


is a neutrosophic set linear algebra over the set S, = ZI and 


fe: 


be a neutrosophic set linear algebra over the set S) = Q’I. V = 
V, U V2 is a neutrosophic biset bilinear algebra over the biset S 
= §; U S). Clearly both V; and V2 are infinitely generated as 
neutrosophic set linear algebras over the sets S; and S, 
respectively. 


a, <aiasis6| 


a,b,c,de | 
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We now proceed onto define the substructures in neutrosophic 
biset bilinear algebras. 


DEFINITION 5.22: Let V = V; U V2 be a neutrosophic biset 
bilinear algebra over the biset S = S; US. Let W = W, UW © 
V, U V2; if W is a neutrosophic biset bilinear algebra over the 
biset S = S; U S> then we call W to be a neutrosophic biset 
bilinear subalgebra of V over the biset S = S; US>. 


Example 5.46: Let V = V, U V2 where V; = {ZI x ZI x ZI x 
ZI} is a neutrosophic set linear over the set S; = 5Z’I and 


ay. a, 


be a neutrosophic set linear algebra over the set S) = 7Z'1. V = 
V, U V2 is a neutrosophic biset bilinear algebra over the biset S 
= Si U S>. Take W = Ww, U W> Cc Vi U V> where 


1 <Qhisis4| 


Ww, = {ZI x {0} x {0} x ZI} cV, 


a ~as 


W = W; U W2 is a neutrosophic biset bilinear subalgebra of V 
over the biset S = S; U Sp. 


and 


a ezuisisal Cc V2; 


Example 5.47: Let V = V, U V2 where 


a, a, a, 
Vi=4|0 a, a, |la,¢Zb1<i<6 
0 0 a, 


is neutrosophic set linear algebra over the set S; = 11Z'1 U {0} 
and 
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Vo= {(a dae Mig Ay a, )la, «Qh1<i<s} 


be a neutrosophic set linear algebra over the set S) = 17Z'I U 
{0}. V = V; U V> Is a neutrosophic biset bilinear algebra over 
the biset S = S; U Sp. 

Take W = W,UW2C VU V2 where 


a; a, a, 
Wi=3/0 a, a, fla, eZ G1<i<6- cV; 
0 0 a, 


W2= {(a 7 a: ee a,)la, ¢ ZI1<i<s} C V2; 


W is a neutrosophic biset bilinear subalgebra of V over the biset 
S= S1 U S>. 


Now we proceed onto define the notion of quasi neutrosophic 
biset bilinear algebra. 


DEFINITION 5.23: Let V = V; U V2 where V_ is a neutrosophic 
set vector space over the set S; and V> is a neutrosophic set 
linear algebra over the set S> where V; # V2; V; Z V2, V2 ZV;i 
and S; # S82; S; ZS; and S) ¢ S}. We define V=V; UV2 to bea 
quasi neutrosophic biset bilinear algebra over the biset S = S; 
US). 


We will illustrate this by some examples. 


Example 5.48: Let V = V, U V2 where 


Vi = {(a1, a, a3, a4), | a, || ai e ZL 1 <i<5} 
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is a neutrosophic set vector space over the set S; = 3Z° Iu {0} 
and 


ay a, a3 
Vo2=5/a; a, a, |ja, eQU1<i<9 
a, a, a, 


is a neutrosophic set linear algebra over the set S, = 5Z’ U {0}. 
V =V;, U V2 is a quasi neutrosophic biset bilinear algebra over 
the biset S = S1 U So. 


Example 5.49: Let V = V, U V2 where 


as a6 ay Aj9 ay) a1> 


where a; € QI; 1 <i < 12} is a neutrosophic set vector space 
over the set S; = ZI and 


a, a, a, 
Vr2= 3/8, a, a, fa, EQIU{O};1<i<9 
Be Ae. «ae 


is a neutrosophic set linear algebra over the set S) = QIU {0}. 
Thus V = V; U V> is a quasi neutrosophic biset bilinear algebra 
over the biset S = S; U Sp. 


It is important to mention here that we have substructure 
defined on them. 


DEFINITION 5.24: Let V = V; U V2 where V is a quasi 
neutrosophic biset bilinear algebra over the biset S = S; US. 
Take W = W, UW, CV, UJ; if W is a quasi neutrosophic biset 
bilinear algebra over the biset S = S; U/S2, then we define W to 
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be a quasi neutrosophic biset bilinear subalgebra of V over the 
biset S = Ss) US). 


We will illustrate this situation by some examples. 


Example 5.50: Let V = V, U V2 where 


a, a, 
a; a, a, : 
Mie i } a, a, |ja,eZb1<i<s5 
a; O 


is a neutrosophic set vector space over the set S; = 3Z' 1 U {0} 
and V> = {(aj, a, 43, a4, as, a6, a7) | a © QI, 1 <i<7}isa 
neutrosophic set linear algebra over the set S; = 13Z'I U {0}. V 
= V, U V> is a quasi neutrosophic biset bilinear algebra over the 
biset S = Si U S>. 

Take W =W, U W2 CV; U V> where 


ay a, 
ay a, a3 : 
Wi = x(a Ay ae 3ZE TAI 5 
O a, as 
a; 0 


and W2 -_ {(a1, 0, a3, 0, as, 0, a7) | aj, 43, as, a7 © QI}; W isa 
quasi neutrosophic biset bilinear subalgebra of V over the biset 
S= S; U S>. 


Example 5.51: Let V = V; U V2 where V; = {Z'I[x]; all 
polynomials in the variable x with coefficients from ZI U {03} 
is a neutrosophic set linear algebra over the set S; = 3Z'I u {0} 
and V, = {3ZI[x] and 7ZI[x]; that all polynomials in the 
variable x with coefficients from the 3ZI and 7ZI respectively} 
is a neutrosophic set vector space over the set S) = 8Z' 1 U {0}. 
Thus V = V, U V> is a quasi neutrosophic biset bilinear algebra 
over the biset S = S; U Sp. 

Take W = W, U W> where W, = {The set of all even degree 
polynomials in the variable x with coefficients from ZT U {03} 
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< V; and W, = {3Z'1 [x] and 7Z'T [x]; collection of all 
polynomials in the variable x with coefficients from 3Z'I U {03 
and 7Z'U {0} respectively} < V2; W = W, U Wy, is a quasi 
neutrosophic biset bilinear subalgebra of V over the biset S = S, 
U S>. 


It may so happen that a neutrosophic biset bilinear algebra 
contain quasi neutrosophic bilinear subalgebra. We now define 
this concept. 


DEFINITION 5.25: Let V = V; U V2 be a neutrosophic biset 
bilinear algebra over the biset S = S; US>. Suppose W = W, VU 
W, <V, UV2 where W, is just a proper subset of V; but W;, is 
only a neutrosophic set vector space over the set S; and Wy; is 
proper subset of V2 and W> is a neutrosophic set linear algebra 
over the set S> We call W = W, UW? CV, U2 to be a quasi 
neutrosophic biset bilinear subalgebra of V over the biset S = S; 
US). 


We will illustrate this situation by some simple examples. 


Example 5.52: Let 
V=V,U V2 


= {(a a, a; a, a, la, eQhisi<s} 
aa 
S { ‘| 
a, a, 
be a neutrosophic biset bilinear algebra over the biset S = S; U 


S> where S; = Q’'IT U {0} and S) = 3ZI. Take W = W; U W2 c 
V, U V2 where 


sezhtsisal 


Wi= {(a a, 0 a, a, )[a, €QLISi< 4} SV 


is only a neutrosophic set vector space over the set S; = QT U 


{0}. 
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{ 0 
W> = 

a, 0 
be a neutrosophic set vector space over the set S, = 3ZI. W = 


W, U W2 c V; U V>2 is a quasi neutrosophic biset bilinear 
subalgebra of V over the biset S = S; U Sp. 


a, €3ZT;i= 2a| CV) 


Example 5.53: Let 


a, a, 
V=V, U V> a 
a, ay 


{ZI[x]; all polynomials in the variable x with coefficients from 
ZI} be a neutrosophic biset bilinear algebra over the biset S = S, 
US, =3Z1 U 7ZI. 


Take 
a b 
W=W,U W2= { 
Oc 


{3ZI[x] and 7ZI[x]; all polynomials in the variable x with 
coefficients from 3ZI and 7ZI respectively} < Vi; U V2; W is 
only a quasi neutrosophic biset bilinear subalgebra over the 
biset S. 


sezutsisal o 


a,b,ce a U 


Now we proceed onto define yet another new substructure. 


DEFINITION 5.26: Let V = V; U V2 be a neutrosophic biset 
bivector space (bilinear algebra) over the biset S = S; US). Let 
W=W, UW, CV, Ud? be a proper subbiset of V; U V2. Let T 
= T, UT, CS, US) = S, where T is also a proper subbiset of S 
= S; US). If W is a neutrosophic biset bivector space (bilinear 
algebra) over the biset T then we call W to be a neutrosophic 
subbiset bivector subspace (bilinear subalgebra) of V over the 
subbiset T of S. 


We will illustrate this situation by some examples. 


191 


Example 5.54: Let V = V, U V2 where 


WGaeae 


be a neutrosophic set vector space over the set S; = ZI and 


a,b,c, d,e,f <a} 


a 
b 
a bed 
V2 = ,| c |{a,b,c,d,e,f,g,h € QI 
e f g h 
d 
e 


be a neutrosophic set vector space over the set S; = Q’'I. V= V; 
U V2 is a neutrosophic biset bivector space over the biset S = S; 
U S». 
Take 


W=W,U W> 


a,b,c,d,e € QI 


eas 


a,b,c,d,e,f € a U 


on 0a Ft 


EViVU V2 
and T = 3ZI U 7ZI c S; U Sz; W is a neutrosophic subbiset 
bivector subspace of V over the subbiset T = T,; U T, = 3ZI U 
TZI1CS;US=S. 


Example 5.55: Let V = V; U V2 = {QI[x], the set of all 
polynomials in the variable x with coefficients from QI} U 
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a be 
d e f jja,b,c,d,e,f,g,h,ieRI 
gh 


i 


be the neutrosophic biset bilinear algebra over the biset S = S, 
US. =ZIU QT. 

Take W = W, U W) = {ZI [x]; that is the set of all 
polynomials in the variable x with coefficients from ZI} U 


a bc 
d e f |ja,b,c,d,e,f,g,h,i € ZI 
g¢ hi 

W is a neutrosophic subbiset bilinear subalgebra of V over the 


subbiset T = T| U T> =3Z1U ZI = S; U S». 


Now we proceed onto define the new notion of neutrosophic 
semigroup bivector space over the semigroup S. 


DEFINITION 5.27: Let V = V; UV2 where (V; #V2, Vi ZV2 and 
V>, ZV) V;, is a neutrosophic semigroup vector space over the 
semigroup S and V> is a neutrosophic semigroup vector space 
over the semigroup S, then we say V = V; U V>2 to be the 
neutrosophic semigroup bivector space over the semigroup S. 


We will illustrate this situation by some examples. 


Example 5.56: Let V = V, U V2 = {ZI xZI x Z'T x 3Z'T} U 


ee 


be a neutrosophic semigroup bivector space over the semigroup 
S=Z'. 


a,b,c,d,e,f € a 
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Example 5.57: Let V=V,U V2= {(a, b, c), (a, b, c, d, e) | a, b, 
c,d,ee ZT} U 


b 
d |, a,b,c,de ZI 
f 


oO Q & 


a 
b 
é 
d 


be a neutrosophic semigroup bivector space over the semigroup 
= Z41. 


Now we proceed onto define the notion of neutrosophic 
semigroup bivector subspace. 


DEFINITION 5.28: Let V = V; U V2 be a_ neutrosophic 
semigroup bivector space over the semigroup S. Let W = W, U 
W, CV, UV = V be a proper biset of V; if W is a neutrosophic 
semigroup bivector space over the semigroup S then we call W 
to be a neutrosophic semigroup bivector subspace of V over the 
semigroup S. 


We will illustrate this definition by some examples. 


Example 5.58: Let 


aaa 
V=V,;U V2= { 
aaa 


a,b,c,d € Z*1U {0} 


ae 100) U 


ToT 2 & 
Tor 2 & 


be a neutrosophic semigroup bivector space over the semigroup 
S=3Z Tv {0}. 
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aaa 
W=W,U W2= { 
aaa 


a,b,c,deZTU{0}- co Vi U Vo, 


aeS5Z°1U oo} U 


aa Ft & 


W is a neutrosophic semigroup bivector subspace of V over the 
semigroup S. 


Example 5.59: Let V = V, U V2 = {(0 0 0), (1 1D, (0 0 00), d 
11D,da 101, 0010),(00000), 71111} U {ZI x ZI x 
Zyl x ZI x Z,I} be a neutrosophic semigroup bivector space 
over the semigroup S = {0, 1} = Z, = (addition modulo 2). 
Consider W = W,; U W2= {0000),7211D,da 10D, (001 
O)} U {ZoI x Zyl x {0} x {O} x {OF} GC Vi VU V2; W is a 
neutrosophic semigroup bivector subspace of V over the 
semigroup S = Zp. 


DEFINITION 5.29: Let V = V; U V2 be such that V; is a 
neutrosophic semigroup linear algebra over the semigroup S 
and V> is a neutrosophic semigroup linear algebra over the 
semigroup S; (V; # V2; Vi Z V2 and V7 Z V2). V = Vi UV? is 
defined as the neutrosophic semigroup bilinear algebra over the 
semigroup S. 


We will illustrate this definition by some examples. 


Example 5.60: Let 
V=ViUV2 
aaa 
= Ja a ajjaeZ,I- U {((aaaaaaa)|a eZ IT} 


aaa 
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be a neutrosophic semigroup bilinear algebra over the 
semigroup S = Zyl. 


Example 5.61: Let V = Vi U V2 = {ZslI [x]; all polynomials in 
the variable x with coefficients from ZsI} U {ZsI x ZsI x ZsI} 
be a neutrosophic semigroup bilinear algebra over the 
semigroup S = ZsI. 


It is important at this juncture to mention that every 
neutrosophic semigroup bilinear algebra is a neutrosophic 
semigroup bivector space but a neutrosophic semigroup bivector 
space in general is not a neutrosophic semigroup bilinear 
algebra. 

The interested reader can prove the above statement. 


Now we proceed onto define the notion of bigenerator and 
bidimension of this algebraic structure. 


DEFINITION 5.30: Let V = V; U V2 be a_ neutrosophic 
semigroup bivector space (bilinear algebra) over the semigroup 
S. Let X = X} UX, CV; VU V2, if X1 generates Vi as a 
neutrosophic semigroup vector space (linear algebra) over the 
semigroup S and if X generates V>, as a_ neutrosophic 
semigroup vector space (linear algebra) over the semigroup S 
then, X = X; UX2 is called the bigenerator of the neutrosophic 
semigroup bivector space (bilinear algebra) over the semigroup 


The bidimension of V is |X| = (\Xj| VU |X|) or (X7|, |X|) 
over the semigroup S. Even if one of |X| or |X| are infinite we 
say the bidimension of V is infinite only when both |X;| and |X>| 
is finite we say bidimension of V is finite. 


We will illustrate this by some simple examples. 
Example 5.62: Let V = V, U V2 = {(, 0, 0), (1, 0, 0), (0 0 0), 
(0, 0), (I, I), d, 1), d, I), (I, 1)} U {(a a a) | ae ZI be a 


neutrosophic semigroup bivector space over the semigroup S = 
Z>. DS xX U X) 7 {(, 0, 0), d, 0, 0) (1, I) d, 1), d, 1), (I, 1)} U 
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{1 11), d 1D} c V, U V2 is the bigenerator of V and the 
bidimension of V is (6, 2). 


Example 5.63: Let 


_ ffaia 
aoa 
be a neutrosophic semigroup linear algebra over the semigroup 
S = ZI. 


Take 


1 1 


V=V,UV> 


<2 U {(aaaaaa)|ae ZI} 


X bigenerates V and bidimension of V is (1, 1). 


DEFINITION 5.31: Let V = V; UV where V, is a neutrosophic 
semigroup vector space over the semigroup S and V> is a 
neutrosophic semigroup linear algebra over the semigroup S, 
then we call V to be a quasi neutrosophic semigroup bilinear 
algebra over the semigroup S. 


We will illustrate this by some examples. 


Example 5.64: Let 
V= Vi U V> 


= {(aaa), (aaaa), (aa), (aaaaaa)|ae ZI} U 


aaaa 
aaa a/laeZ,I 


aaaa 


be a neutrosophic semigroup quasi bilinear algebra over the 
semigroup S = ZI. 
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Example 5.65: Let 


V=V,UV> 


a,be ZI; U {(aabb)| a,b € ZI} 


Tor 2 & 
Tor 2 & 


be a quasi neutrosophic semigroup bilinear algebra over the 
semigroup S = ZI. 


Now we proceed onto define another substructure. 


DEFINITION 5.32: Let V = V; U V2 be a quasi neutrosophic 
semigroup bilinear algebra over the semigroup S. Let W = W, 
UW, CV, UV? be a proper subset of V such that W is a quasi 
neutrosophic semigroup bilinear algebra over the semigroup S, 
then we call W to be a quasi neutrosophic semigroup bilinear 
subalgebra of V over the semigroup S. 

ae a} 


be a quasi neutrosophic semigroup bilinear algebra over the 
semigroup S = ZI. 
Take 


Example 5.66: Let 
aaaaa 
V=V,;UV2= { 
aaaaa 


U {(aaaaaa) |ae Z]} 


W=W,U W2 


aaaaa 
aaaaa 


ssa U {(aaaaa)|ae S5ZI} 


CV, UV), 


198 


W is a quasi neutrosophic semigroup bilinear subalgebra of V 
over the semigroup S = ZI. 


Example 5.67: Let 


a b 
veviowe 
c d 


a 
a aa 
{(a, a), : |a € ZI} 
a aa 
a 


a,b,c,de a} U 


be a quasi neutrosophic semigroup bilinear algebra over the 


semigroup S = ZI. Take 
aa 
ser U {(a, a), i 
aa 


aa 
wewow.={{ 
aa 


c V; U V2; W is a quasi neutrosophic semigroup bilinear 
subalgebra of V over the semigroup S = ZI. 


Now we proceed onto define the new notion of neutrosophic 
group bivector space and neutrosophic group bilinear algebras. 


DEFINITION 5.33: Let V = V; UV>2 be such that V; #V2, Vi ZV 
and V7 < V, V; and V2 are neutrosophic group vector spaces 
over the same group G then we call V to be a neutrosophic 
group bivector space defined over the group G. 


Note: The group G can be an ordinary group or a neutrosophic 
group. 


We will illustrate this by some examples. 


Example 5.68: Let 
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aa 
veviuvee { 
aa 


V = V; U V> is a neutrosophic group bivector space over the 
group G = Z3I. In fact V = V; U V2 1s also a neutrosophic group 
bivector space over the group G = Z3. 


vezi} U {(aaaa)|ae ZI}. 


Example 5.69: Let 


V=V,UVo= {(0, 0, 0) (LL, D, (0, L Dd, 0, I (0, 0, 0, 0, 0) CI, 
1, 0,1, D (1, 0, I, 0, 1) (0, 0, L I, 0) (0, 0, 0, 0) (I, LL. I) I, 0, 0) 
(0,0,1,D}U 


be a neutrosophic group bivector space over the group G = Z)I. 


Now we proceed onto define the neutrosophic group bivector 
subspace. 


DEFINITION 5.34: Let V = V; U V2 be a neutrosophic group 
bivector space over the group G. W = W; UW; CV, Ud; is 
said to be a neutrosophic group bivector subspace of V over G 
if W itself is a neutrosophic group bivector space over the group 
G. 


We will illustrate this by some examples. 


Example 5.70: Let 


aeZ.[- U 


aaa 
V=V,UV2= } 
aaa 


oso 2 2 2 @ 
oso 2 2 22 
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{(a, a, a) (a, a) (a, a, a, a, a) | a © Zs} 


be a neutrosophic group bivector space over the group G = Zsl. 
Let 


aaa 
wewowe | j 
aaa 


ae z| U 


{(a, a) (a, a, a)|a © ZsI} CV; U Vs, 


W is a neutrosophic group bivector subspace of V over the 
group G = Zsl. 


Example 5.71: Let 


a b)(a aaa 
V=V,UV2= { if nbedeQl U 
c dj)\a aaa 
= a | 
a 
alla 
{(aaaaaaa), (aaa), (a, a) Ja], a]|ae Qh} 
: alla 
a 
- a 


be a neutrosophic group bivector space over the group G = ZI. 


W=W)UW= {? : sreaeal U 
c d 
a 
alla 
{(aaa)]a],/a],(a,a)|ae QI} 
alla 
a 
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Cc V; U V2 is a neutrosophic group bivector subspace of V over 
the group G = ZI. 


Now we proceed onto define the notion of pseudo neutrosophic 
semigroup bivector subspace of V. 


DEFINITION 5.35: Let V = V; U V2 be a neutrosophic group 
bivector space over the group G. Let W = W; UW, CV, UJ2 
and H  < G be a semigroup of the group G. If W is a 
neutrosophic semigroup bivector space over the semigroup H 
then we call W to be a neutrosophic pseudo semigroup bivector 
subspace of V. 


We will illustrate this by some examples. 


Example 5.72: Let V=V,; U V2 = {Z][x]} U {(abc)]| a,b,c € 
ZI} be a neutrosophic group bivector space over the group G = 
ZI. Take W = W, U W2 = {ZT [x]} U {(abo)|ab,ce ZN c 
V, U V2. W is a neutrosophic semigroup bivector space over the 
semigroup Z'I < ZI. W is a pseudo neutrosophic semigroup 
bivector subspace of V over the semigroup Z'I c Z. 


Example 5.73: Let 


a be 
V=V,UV2= 
(( e i 


U {(a, b, c, d, e) | a, b, c, d, e © ZI} be a neutrosophic group 
bivector space over the group ZI. 
Take 


a b O 
W=W,U W2= 
{? d | 


a,b,c,d,e,f € a} 


a,b,c,deZ lu wr} 


U {(a, a, a, a, a)}a € ZI} CVU V2. 


W is a neutrosophic semigroup bivector subspace of V over the 
semigroup 2Z'1 U {0}. 
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DEFINITION 5.36: Let V = V; U V2 be a neutrosophic group 
bivector space over the group G. LetW = W; UW? CV, U2 = 
V; take S a proper subset of G. If W is a neutrosophic set 
bivector space over the set S then we call W to be the pseudo 
neutrosophic set bivector subspace of V over the set S. 


We will illustrate this situation by some simple examples. 
Example 5.74: Let 
V=V,U V2 


b 
= {(ab, c, d) | a, b, c, d € 2ZI} uf(' ‘| shede2ih 
c 


be neutrosophic group bivector space over the group G = ZI. 
Take 


W=W,U WW, 
= {(ab,c, d)|a,b, c,d € 2Z TU {03} U 


a b 

c d 
W is a neutrosophic pseudo set bivector subspace of V over the 
set S = {0, 21, 2°1, 2°1, ..., 2"1|n € N}. 


a,b,c,d€4Z7TU a . 


Example 5.75: Let 
V=V,UV2= {QI x ZI x QI x QI} U 
a b 
c d 
be a neutrosophic group bivector space over the group G = ZI. 
Take 


a,b,c,de€ va 
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W = W, U Wo = {Q°T x {0} x {0} xO'T! U 
aa 
aa 


Cc V; U V2; W is a neutrosophic pseudo set bivector subspace of 
V over the set S = {0, 31, 371, ..., 31 | n © N}. 


a,b,c,de€ vz 


Now we proceed onto define yet another new notion, viz. 
neutrosophic bisemigroup bivector space. 


DEFINITION 5.37: Let V = V; UV where V; is a neutrosophic 
semigroup vector space over the semigroup S; and V> is also 
neutrosophic semigroup vector space over the semigroup S>. (S| 
ZS», S; ZS) and S> ZS) and Vi ZV. Vi ZV2 and V> ZV) we 
call V to be the neutrosophic bisemigroup bivector space over 
the bisemigroup S = S; US). 


We illustrate this by some examples. 


Example 5.76: Let V = V, U V2 where 


a 
Vi= { } (a, a,a,a,a)|ae€ Z7]} 
a 


and 


Vi= aeZ'l A 


oso 2 2 ®& 
oso 2 2 ®& 
ja) 


V is a neutrosophic bisemigroup bivector space over the 
bisemigroup S = S, US) = Z,1 U ZT. 


DEFINITION 5.38: Let V = V; U V2 where V, is a neutrosophic 


semigroup linear algebra over the semigroup S; and V> is a 
neutrosophic semigroup linear algebra over the semigroup S> 
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(Vi ZV2, V; ZV>2 and V2 ZV, and S; ZS) ,S> ZS), Ss) ZS»). V is 
a_ neutrosophic bisemigroup bilinear algebra over the 
bisemigroup S = S; US. 


We will illustrate this by some examples. 


Example 5.77: Let 


a be 
V=V,UV2= 
(; e ‘| 


{ZI[x]; all polynomials in the variable x with coefficients from 
ZI} be a neutrosophic bisemigroup bilinear algebra over the 
bisemigroup S = S,; U S;=Q TU ZI. 


a,b,c, d,e,f <a] U 


Example 5.78: Let 


V=ViU V2= {(% y) |x y € Zu} U 


aaa 
{ ae 2 
a Oa 


be a neutrosophic bisemigroup bilinear algebra over the 
bisemigroup S = S; U 82 = Zy1U Zyl. 


DEFINITION 5.39: Let V = V; U V2 be a_ neutrosophic 
bisemigroup bivector space over the bisemigroup S = S; US. 
W=W, UW? CV, Ud; is called a neutrosophic bisemigroup 
bivector subspace of V over the bisemigroup S if W is a 
neutrosophic bisemigroup bivector space over the bisemigroup 
S. 


We give examples of the definition. 


Example 5.79: Let 
V=V.U V2= {(x, y, Z), (a, a, a, a) |X, y, Z,a © Zp} U 
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, (a,b)}a, be Z,,1 


oso 2 fF fF & 


be a neutrosophic bisemigroup bivector space over the 
bisemigroup S = S; U 8S) = Zp TU Zi. 


Take 
W=W,UW2 
a 
a 
= {(x, y, Z)| x,y,z € Zl} U 4] a jlaeZ, Ir CVi VU V2; 
a 
a 


W is a neutrosophic bisemigroup bivector subspace of V over 
the bisemigroup S. 


Example 5.80: Let 
V=V,UV> 
= {QI x QI, ZI x ZI x ZI} U 


a,b,c,d,e,f,g,heZ,,1 


so 
o & 
o & 
VY 
ve oa 
rT ha St 


be a neutrosophic bisemigroup bivector space over the 
bisemigroup S = S; U 8S; = ZI U Zpol. 
Take 


W=W,U W?2 
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= {QI x Qh u(? "| CV, UN;, 
aa 


W is a neutrosophic bisemigroup bivector subspace of V over 
the bisemigroup S. 


DEFINITION 5.40: Let V = V; U V2 be a_ neutrosophic 
bisemigroup bilinear algebra over the bisemigroup S = S; US». 
W=W, UW CV, VU V2 is defined as the neutrosophic 
bisemigroup bilinear subalgebra of V over S; US) = S if Wis a 
neutrosophic  bisemigroup bilinear algebra over _ the 
bisemigroup S = S; US). 


We will give an example. 


Example 5.81: Let 


V=ViU V2 
a 
a be 
= a,b,c,d,e,f eQI> U 4] a Jae ZI 
d e f 
a 


be a neutrosophic bisemigroup bilinear algebra over the 
bisemigroup S=S,; US), =ZIU Zyl. 
Take 


(C23) 


W=W,U W2 
a 
s<ai U 4) a lla © (0,21,41,61,81,101} 


a 


CV, UV); 


W is a neutrosophic bisemigroup bilinear subalgebra of V over 
the bisemigroup S. 
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DEFINITION 5.41: Let V = V; U V2 be a_ neutrosophic 
bisemigroup  bivector space (bilinear algebra) over the 
bisemigroup S = S; US). Take W = W; UW C(V, U V2) (W) # 
W2, Wi ZW, W, CW, and T =T, UT, CS; US) (T; #T>, T) 
ZT,andT, <T;) be a subbisemigroup of S = S; US. If Wis a 
neutrosophic bisemigroup bivector space (bilinear algebra) 
over the bisemigroup T = T; VU T> then we call W to be a 
neutrosophic subbisemigroup subbivector space (subbilinar 
algebra) of V over the subbisemigroup T of S = S; US). 


We will illustrate this by some simple examples. 


Example 5.82: Let 
V=V,UV> 


_ f(a b 
aod ,(a,a,a,a,a) 
aaaa 
{ Joos 
aaaa 


be a neutrosophic bisemigroup bivector space over the 
bisemigroup S = S; US, = Zyl U ZI. Take W = W, U W, 


es 


W is a neutrosophic subbisemigroup bivector subspace of V 
over the subbisemigroup T = T; U T, = {0, 2], 41, 61, 81, 101} U 
{Z'TU {0}! cS, US, of the bisemigroup S. 


a,b,c,de 2. U 


ssyer| 


a,b,c,de 2 U {x y) |x, y eZ} 


CV, U V2; 


Example 5.83: Let 
V= Vi U V> 
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a,b, c,d, e, f, g, he Z,,I 


ga og a @ 
rho et 


be a neutrosophic bisemigroup bilinear algebra over the 
bisemigroup S = S; U S2= QIU Zaul. 


Take 
W=W,U W2 
aa 
aaaaa aa 
{ |Je=zs} v aéZ,,1 
aaaaa aa 
aa 
CV, UV, 


W is a neutrosophic subbisemigroup bilinear subalgebra of V 
over the subbisemigroup T = T; U To = ZI U 2Zp,4I of the 
bisemigroup S = S; U S2= QIU Zayl. 


Now we proceed onto define the bidimension. 


DEFINITION 5.42: Let V = V; U V> be a_ neutrosophic 
bisemigroup  bivector space (bilinear algebra) over the 
bisemigroup S = S; US. Take X = X; UX, CV; UV2; if X) 
generates V; as a neutrosophic semigroup vector space (linear 
algebra) over the semigroup S; and X> generates V, as a 
neutrosophic semigroup vector space (linear algebra) over S> 
then we say X = X, U X> bigenerates V over the bisemigroup S 
= S7 US. 

The cardinality of X = X; U X> denoted by |X)| VU |X2| or 
(\X7|, |X2|) is called the bidimension of the neutrosophic 
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bisemigroup bivector space (bilinear algebra) V = V; U v2. 
Even if one of X; or X> is of infinite dimension then we say the 
bidimension of V is infinite, only when both X; and X> are of 
finite cardinality we say V is of finite bidimension over the 
bisemigroup S = S; US». 


We will illustrate this by some simple examples. 


Example 5.84: Let V = V, U V2 = {(0, 0), (I, D, (0, 0, 0), CL, I, D 
(0000 0), d, 0, 1, 0, D} U {(S5], 5D, (0, 0), (101, 10D, (15], 
151), (201, 201), (SI, 0), (101, 0), (201, 0), (151, 0)} be a 
neutrosophic bisemigroup bivector space over the bisemigroup 
S= S; U So = ZI VU Zs. 

Take X = X, U X, {(, D, di, I, D, d, 0, [, 0, D} v (SI, SD, 
(SI, 0)} CV, U V>. X is a bigenerator of V and the bidimension 
of V is (3, 2) 


Example 5.85: Let 


V=V,UV> 
a be 
=<la b clla,b,ce ZI U 
a be 


os 
ra) 
Ss 
ro) 
Ss 


a,b,ceE QI 


be a neutrosophic bisemigroup bilinear algebra over the 
bisemigroup S = S; U S)= ZIU Q'I. 
Take X = X, U X> 


1 0 0\/0 1 0\(0 0 1 
= /1 0 0j,)0 1 Oj,,0 0 1 
1 0 0)/\0 1 0/\0 0 1 
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1 1 1 1 I\/f0 00 0 0)/0 0 0 0 0 
U 5/0 0 0 0 Of,;1 1 1 FT T),;0 0 0 0 0 
0000 0)/\0 00 0 0) \1 1:°1~«21~«1 


Cc V; U V2, X bigenerates V over the bisemigroup S = S; U Sp. 
The bidimension of the neutrosophic bisemigroup bilinear 
algebra V = V,; U V> over the bisemigroup S = S; U S; is (3, 3) 


Now we proceed onto define the notion of neutrosophic bigroup 
bivector space over the bigroup. 


DEFINITION 5.43: Let V = V; UV> be such that V; # V2, Vi & 
V, and V, ZV. If V; is a neutrosophic group vector space over 
the group G, and V> is a neutrosophic group vector space over 
the group G2 and G; # G2, G; € G2 and G; & G; then we call V 
= V; UV; to be a neutrosophic bigroup bivector space over the 
bigroup G = G; UG». 


We will illustrate this by some examples. 


Example 5.86: Let V = V, U V2 = {(0, 9), (I, D, C1, 1), (0, 0, 0), 
(I, I, I), dl, 0, I, 0, I, 0 1) (0, 0, 0, 0, 0, 0, 0), (1, 1, 1, 1, 1), d, LI, 
I, I), (0, 0, 0, 0, 0)} U 


aa a 
{ i ! (a, a), (a, a, a)} 
aa a 


such that a € Z)2I be a neutrosophic bigroup bivector space over 
the bigroup G= G, U G> = {N(Z2) U Zyl}. 


Example 5.87: Let 
X 


V=V,U V2 = {ZI x Zyl x Zod, | y | | x, y, z € Zot} VU 


Z 
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eae hale ce ieee eee 
c arly pe )| a, iC, € } 


be a neutrosophic bigroup bivector space over the bigroup G = 
G,;U@=ZH1VU ZL. 


We now proceed onto define substructures in the neutrosophic 
bigroup bivector spaces. 


DEFINITION 5.44: Let V = V; U V> be a neutrosophic bigroup 
bivector space over the bigroup G = G; UG2. W=W, UW. © 
V; U V2 is defined to be a neutrosophic bigroup bivector 
subspace of V = V; U V2 over the bigroup G = G; UG) if W = 
W, VU Wy, is itself a neutrosophic bigroup bivector space over 
the bigroup G = G; UG». 


DEFINITION 5.45: Let V = V; U V> be a neutrosophic bigroup 
bivector space over the bigroup G = G; UG). Let W = W; UW, 
CV; Ud; and H = H, UH CG, UG) be such that H, is a 
proper subset of G; and is a semigroup under the operations of 
G, and Hp is also a proper subset of G2 and is a semigroup of 
G>. If W = W, UW; is a neutrosophic bisemigroup bivector 
space over the bisemigroup H = H; VU H> then we define W = 
W, UW CV, Ud> (W; xW,, W, ZW, and W, ZW, with H, F 
Ho, H; g& Hz and H, & H;) to be a pseudo neutrosophic 
bisemigroup bivector subspace of V over the bisemigroup H = 
H, UH) contained in G = G; UG». 


DEFINITION 5.46: Let V = V; U V2 be a neutrosophic bigroup 
bivector space over the bigroup G = G; UG). Let W = W; UW, 
CV, UV; and P = P; UP) CG; UG) is such that P; is a 
proper subgroup of Gj, i=1, 2 if W is a neutrosophic bigroup 
bivector space over the bigroup P = P; UP; (P; #P2, P; & P> 
and P, ¢ P;) then we call W to be a neutrosophic subbigroup 
bivector subspace of V over the subgroup P of the bigroup G. 


We will illustrate these definitions by some examples. 
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Example 5.88: Let 
V= Vi U V> 
a 


a b 
= [ } a |ja,b,c,deQI> U 
c d 
a 


(a,a,a,a,a), aéeZ,,I 


oso 2 2 ®& 


be a neutrosophic bigroup bivector space over the bigroup G = 
QIU ZI. Take P= P} U P2 = ZI U {0, 21, 41, 61, 81, 101} be a 
subbigroup of G. 


(°°) 


W is aneutrosophic subbigroup bivector subspace of V over the 
subbigroup P= P, U P> Cc G U G> = QI U Zyl. 


W=W,UW> 


shee U {(a,a,a,a,a)|a €Z,,I} 


GVO Vs, 


Example 5.89: Let 


V=V,UV> 
s 
a bc)lia 
= : a,b,c,d,e,f e QI? U 
d e fjia 
a 
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a b 
c d|,(a,a,a,a,a,a)la,b,c,d,e,f € Z,,I 


e f 


be a neutrosophic bigroup bivector space over the bigroup G = 


QI U Zool = G, U G>. 
Take 


W=W,U W2= acQl 


oc fo 2 & 


U {(a, a, a, a, a, a)| a © Zool} C Vy U V2 and P = P; U P2 = ZI 
U {0, 102} c G; U G = QI YU Zyl. W is a neutrosophic 
subbigroup subbivector space over the subbigroup P = P; U P» 


cG, UG. 


Example 5.90: Let V=V,U V2 


a b : 
7 d > a ,[a,a,a,a,a] a,b,c,d < QI el 
Cc 


a, a, a, a,\/0 0 O a, 

Be. 2.0) 0. aig) NO ae: ap. *0 
be a neutrosophic bigroup bivector space over the bigroup G = 
G, U G> = {QI} U Ziol. Take W = Ww, U W> 


a, €Z,[;1<1< ; 


a b e 
= ,| a }fa,b,c,deQI- U 
oe -¢@ 
a 
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a, a, a, a, 
a; O O a, 


GV_Ne=V, 


a,E€Z,.;1<is< ; 


W is a neutrosophic bigroup subbivector space over the bigroup 
G= G U G>. 


Example 5.91: Let 


V=V,UV2= 

ff 

a a 
aaa 

{(a, a), | a || a e€ ZosI} U [ } a |jaeQI 

aaa 

a a 

a 


be a neutrosophic bigroup bivector space over the bigroup G = 
G U G> = Los] Ke? QI. 
Take 


W=W,U W2 


aaa 
js) U 
aaa 


W is a neutrosophic bigroup subbivector space over the bigroup 
G= G U G>. 


s<ai cV,U V2, 


I 
o © © © 


Example 5.92: Let 


a be b 
a 
V=V,UV2=3|0 de | 5 Jebodet a! 
ae eee 2 tog 


PA te) 


a 
U <|a|,(X,y,Z) |a,x, y,z€ ZI 


a 


be a neutrosophic bigroup bivector space over the bigroup G = 
G, U G) = 3Z1 VU 8ZI. 


Choose 
W=W,U Wd 


a be 
=<|0 d e/|/a,b,c,d,e,f ~ QI 
0 0 f 


U {(x, y, Z) | (x, y, Z) € Z36l} CVU Va; 


W is a pseudo neutrosophic subbisemigroup bivector subspace 
over the subbisemigroup H = H; U Hp = {3Z TU 48Z'T! cG, 
U G». 


Example 5.93: Let 


V=V,UV>2 
a 
a b c)\|{b 
= ; a,b,c,d,e,f <¢ZI+ U 
def Cc 
d 
a b 
c dj, (a,b,c,d,e)}a,b,c,d,e,f ¢ QI 
e f 


be a neutrosophic bigroup bivector space over the bigroup G = 
G, UG, =5ZI U 7ZI. 
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Consider 
W=W,U W> 


a,b,c,de ZI; U {[a, b, c, d, e] | a, b,c, d, e € QT} 


a0 FT 


CVU V2; 


W is a pseudo neutrosophic subbisemigroup bivector subspace 
of V over the subsemigroup 


SZTUTZ1¢ S5Z1 UV 7ZI. 


Now we proceed onto define neutrosophic pseudo bigroup 
bivector space. 


DEFINITION 5.47: Let V = V; UV>2 where V_ is a neutrosophic 
semigroup vector space over the semigroup S; and V> is a 
neutrosophic group vector space over the group G; (S; ZG), G; 
ZS), S; #G), Vi #V2 V; ZV> and V> ZV). We call V = VV 
V, to be a neutrosophic pseudo bigroup bivector space over the 
pseudo bigroup G = S; UG}. 


We will illustrate this situation by some examples. 


Example 5.94: Let 
V=V,UV>2 


{i Fi | {: a | 
= a,b,c,deZ TU {O}— U aé QI 
c d aaa 


is a pseudo neutrosophic bigroup bivector space over the pseudo 
bigroup 


G=(ZTU {0}) U QI=G, U G. 


ali 


Example 5.95: Let 
V=a=V,UV2= 


a 
a|,(a,a,a,a,a)jae3Z TU {0h} U 


a 


a b)\) (a bc 

c d)\d e f 
be a pseudo neutrosophic bigroup bivector space over the 
pseudo bigroup G = S,; UG, = {3Z Tu {03} UQL 


a,b,c, d,e,f <a} 
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Chapter Six 


NEUTROSOPHIC FUZZY GROUP BILINEAR 
ALGEBRA 


In this chapter we proceed onto define the neutrosophic fuzzy 
analogue of the definition given in chapter four of this book. 
Through out this book N([0, 1]) = {a + b; | a, b € [0, I]} is the 
fuzzy neutrosophic set or neutrosophic fuzzy set. 


DEFINITION 6.1: Let V = V; U V2 be a neutrosophic set 
bivector space over the set S. We say the neutrosophic set 
bivector space V = V; U V2 with the bimap yn = yn; U 2 is a 
neutrosophic fuzzy set bivector space or neutrosophic set fuzzy 
bivector space ifn: mn, Un: V=V; UV2 > [0, 1] and 

Wr] Ay U2 Az) = (M1 UY Hy) (1) A] U2 a2) 

= M11 ay) U(r Az) 2 Ni(a)) UV Naz) 
for all a; € Vi; i =1, 2 andr), rz €S. 
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We call Va = Vy = VV y) yp, OF WV = (11 YU Ny) (V; 


U V2) to be the neutrosophic fuzzy set bivector space over the 


set S. 
We will illustrate this by some examples. 


Example 6.1: Let 


out ® 


V=V,UV> 


ae a U {(a, a, a, a), 


go Oo 2 & 


ono 2 


|a € ZI} 


be a neutrosophic set bivector space over the set S = {0, 2, 2’, 


42 |neN}. 
Define n : V > N([O, 1]) 
Le., N= UN: Vi VU V2 > N([O, 1]) as 


aa pe ifaz+0 
Nh = 2 
1 ifa=0 


aaa eee ifaz0 
N1 = 4 


1 ifa=0 
and 
‘re 
I+-— ifa+0 
N2 (a, a, a, a) = 5 
1 ifa=0 
a al 
aa I+-— ifa+0 
me Oa 7 
1 ifa=0 
a 0 
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Vy = (V, UV) is a neutrosophic fuzzy set bivector space. 


m2 


Example 6.2: Let 
V=V,UV> 


a b 
aoa 
= [ | a bija,beZ,I- VU 
a b 


,(a, b,c, d) |a,b,c,d € ZI 


aa» 2 
a ag»#g ne 
a0o0 let Df 


be a neutrosophic set bivector space over the set S = {0, 1}. 
Define n=, U2: V= VU V2 > N([O, 1]) where n; : Vi > 
N({0, 1]) and n2 : V2 > N({0, 1)). 


Defined by 
; ‘ 1+ ifaz0orb+0 
Ni = p) 
pe 1 if a=b=0 
a b 1 
I+-— ifaz#0orbz#0 
Ni a b a 6 p) 
a b 1 iaHb=0 
aoa 
b b I+ ifaz0orb4#0orc4#0o0rd#0 
N2 = ’ 
Slee) 0g ifa=b=c=d=0 
dd 
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a 0 
a 
1 . |b 0 
b I+-— if # 
N2 =e 4 Cc 0 
c 
d 0 
d <i 4 
I ifa=b=c=d=0 
and 
baer ifa#0orb#0o0rc#00rd#0 
Y2 (a, b, C, d) = 18 : 
1 ifa=b=c=d=0 
Vi = (V,UV,) yun, 18 4 neutrosophic set fuzzy bivector space. 


Now we proceed onto define the notion of neutrosophic set 
fuzzy bilinear algebra. 


DEFINITION 6.2: Let V = V; UV>2 be a neutrosophic set bilinear 
algebra over the set S. A neutrosophic set fuzzy bilinear algebra 
or neutrosophic fuzzy set bilinear algebra (V, yn) = (Vi UV2, 71 
U 2) or (11 UV I) (Vi U V2) is a bimap n= 9, UID: Vi Ud? 
— N[(0, 1)] such that 
mi (a; + bi) 2min(n (ay), 7 (6) 
mi (ri a) = 1; (aj) 
for a, b; EV; 7; ES. i = I, 2. 


We illustrate this by some examples. 


Example 6.3: Let 
V= Vi U V> 


= {ZI x ZI x ZB U {: i sar} 
aoa 


be a neutrosophic set bilinear algebra over the set S = Z’I. 
Define n = 91 U2: V= Vi U V2 ON([O, 1]) where n, : Vi > 
N({0, 1]) and n2 : V2 > N({0, 1]) such that 


222, 


[42 4 BOA(0.0:0) 


maboy=4 9 
ei if (a,b,c) =(0,0,0) 
and 
1 saae 2 0 0 
I+— if # 
aa 4 aa 0 0 
2 7 
aa 1 (aoa 0 0 
— if = 
4 aoa 0 0 
Vi = (V, UV) un, 18 4 neutrosophic set fuzzy bilinear algebra. 
Example 6.4: Let 


V=V,UV> 


eae 


a,b,c,d,e,f eQ°1U >} 


a,b,c,d,e,f ~Q°*TU {0} 


monn at & 


be a neutrosophic set bilinear algebra over the set S = Z’. 
Define yn: V > N([0, 1]) 
n=nVYN2 :V=V, UV, >N((0, 1}) 


by 

n1: Vi > N((O, 1)) 
and 

N2: V2 > N((0, 1)) 
as 
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bcd 0 0 0 
I+- if * 
abr er ed). | 8 e f gh 00 0 0 
Teas Po ee. ay 1 (a be d) (0000 
— 1 —- 
8 e f gh 0 0 0 
a 0 
b 0 
Cc 0 
I+ - if ra 
a d 0 
b e 0 
Cc} f 0 
He d a 0 
e b 0 
f 0 
I if ae 
9 d 0 
e 0 
f 0 
Va= (VU Vs): is a neutrosophic set fuzzy bilinear algebra. 


Now we proceed onto define the notion of neutrosophic set 
fuzzy bivector subspace. 


DEFINITION 6.3: Let V = V; U V2 be a neutrosophic setbivector 
space over the set S and W = W,; UW, CV; U V2 be the 
neutrosophic set bivector subspace of V over the set S. Define n 
=m UI: W=W, UW, > NO, 1)] then W, = W,OW,) 


is called the neutrosophic set fuzzy bivector subspace of V. 


MLM 


We will illustrate this situation by some examples. 


Example 6.5: Let V=V,U V2 
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= (Z1xZ1xZ1xZ'D, 


a b\(a aaa 
U by) 
O c)\a aaa 
be a neutrosophic set bivector space over the set S = Z’T. 
Let 


|a,b,c,de ZI 


a0aoe° & 


a,b,ce z" 


W=W,UW?2 
a 
b “ a b 7 
= la,b,c,de ZI} U a,b,ceZ'I 
Cc 0c 
d 
CV, UV2 


be a neutrosophic set bivector subspace of V over the set S. 
Define 
nanVUnN: W, U W2 > N([0, 1}) 
by 
ni: Wi > N((0, 1]) 
such that 


a0aoe° 2 
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then W, = (W,UW,) 
subspace of V. 


nun, 1S a neutrosophic set fuzzy bivector 


Example 6.6: Let 
V=VLU Vo= {ZT [x], (a, a, a, a) | ae ZT} U 


9 (a, a, a, a, a) ’ 


rT ho Se 


va o a ®& 


eee 


, b, od; Ras ,h us | 
eel. Sern ks 


be a neutrosophic set bivector space over the set S = 3Z’'T. Take 


W=W,U W> 
_ " aaaaa it 
“G@aaaaezne lt Bs eo sJisbezn 
CViUV2 


to be a neutrosophic set bivector subspace of V over the set S. 
Define n = m1 VU No: Wi U W2 > N([0, 1]) where ni : Wi > 
N((0, 1]) and n2 : W2 > N({0, 1); 


] 
a, a,a,a) =I1+ — 
n1 ( ) 0 


He AO RS GE SE a 
Pal ty iby. te oe 26 8 


and 


W, = (W,UW,) 
subspace of V. 


nun, IS a neutrosophic set fuzzy bivector 
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Now we proceed onto define the notion of neutrosophic fuzzy 
semigroup bivector space. 


DEFINITION 6.4: A neutrosophic semigroup fuzzy bivector 
space or a neutrosophic fuzzy semigroup bivector space Vn (or 
nV or (V, OV.) Up, 18 a neutrosophic semigroup bivector space 


V = V, Ud? over the semigroup S, with a bimap n = yn, U I: 
V =V, UV, > N((0, 1]) satisfying the following conditions; 


n (ra) = n (r ja) U1 2a) 
= (91 UM) (11 a] U2 az) 
= 1 (11 Ay) Y M2 (12 Az) 2 41 (ay) UM (2); 
1.€., 1 (r1, a) = 11 (aj) and 12 (r2a2) 2 12 (a>) 
for all ay € Vi}, ay € V2 andr}, r2 €S. 


We will illustrate this situation by some examples. 


Example 6.7: Let 


V=ViU V2 
= {ZI x ZIx ZIx ZL ZTxZTx ZU 


a d 

aaaaa . 

De e:|, a,b,c,d,e,f ¢Z'I 
f b b b b b 

c 


be a neutrosophic semigroup bivector space over the semigroup 
S =Z'l. Define n = 11 U2: V= Vi U V2 9 N [(0, 1)] where 
ni: Vi > N({O, 1]) and no : V2 > N({0, 1]) with 


| 
I+- if(abcd 
N11 (a, b, c, d) = 4 ( ) 


1 ifa=b=c=d=0 


Zot 


ni (a,b, )=1+ = 


and 
a d 
b = 0.51 + — 
12 8 
Cc 
aaaaa i 
N2 =0.8I + —. 
b b b b b 6 


V, = (V,UV,),cn, 1S a neutrosophic semigroup fuzzy bivector 
space. 


Example 6.8: Let 
V=V,UV> 


b c 
de a,b,c,d,e,f = Z,1 U {Zsl x Zs5l x Zs x ZsI} 
0 f 


be a neutrosophic semigroup bivector space over the semigroup 
S = Z,. Define n : V > N([0, 1]) that is n =; U2: Vi U V2 
— N [(0, 1)] where 

Ni: Viv N([0, 1]) 


and 
N12: V2-> N({O, 1}) 
by 
a: ib) ce 0 0 0 
: vere if|!0 d e/4/0 0 O 
aes 00} lo 0 0 
MEO Se b 00 0 
00 f : . 
1 if}0 d el=l0 0 0 
00 f) \0 0 0 
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and 
1 
— if (a,b,c,d 0,0,0,0 
N2 (a, b, c, d) = 5 (a : Jk ) 
I if (a,b,c,d) =(0,0,0,0) 


Vy = (V, VU V,) 
space. 

Now we proceed onto define the notion of neutrosophic 
semigroup fuzzy bivector subspace. This is defined in two 
ways. 


non, 1S 4 neutrosophic semigroup fuzzy bivector 


DEFINITION 6.5: Let V = V; U V2 be a neutrosophic semigroup 


bivector space over the semigroup S. V, = V, Vy) nun, be a 


neutrosophic semigroup fuzzy bivector space. Suppose W = W, 
UW, CV, Ud; be a neutrosophic semigroup bivector subspace 
of V, then we define W,=(W,OW,),.7, to be the neutrosophic 
semigroup fuzzy bivector subspace of V,, where n : W > N([0, 
1]) is such that 7 = 7, UN), is the restriction of n to Wi.e 7, : 
W; > N([0, 1]) where n;: V; > N([0, 1]). i = 1, 2. 


DEFINITION 6.6: Let V = V; UV> be a neutrosophic semigroup 
bivector space defined over the semigroup S. Let W = W; UW, 
CV, UV; be a neutrosophic semigroup bivector subspace of V 
over the semigroup S. Let = yn, Um: W = W, UW? > N([0, 
1]) be a bimap such that Wn is a neutrosophic semigroup fuzzy 


bivector space; then we call W, = (W,UW,),., to be a 


neutrosophic semigroup fuzzy bivector subspace of V. 
It is important to note the following. In general the two 
definitions are not equivalent for n : W = W; U W2 > N((0, 1), 


1 may not be defined on V \ W = V, \ W,U V3 \ Wo, where as 
nH : W> N((0, 1)) is only a restriction bimap. 


Here we give examples of both the definitions. 
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Example 6.9: Let 


V=V,UV> 
a 
= {(a, b,c, d,e), |a || a,b,c,d,ee ZT} U 
a 


b 
(ZT x ZT x ZI, {? 
c d 


be a neutrosophic semigroup bivector space over the semigroup 
S=Z'T. Letn=n Um: V=Viv V2 > N((0, 1]) where 7, 
:V; > N((0, 1]) and n2 :V2 — N({0, 1]) are defined by 


a,b,c,de€ Z| 


1 
n:(a, b, c, d, e) = i 


1 1 
a||=I+-, a, a,a) = I[+— 
N1 3 N2 ( ) 6 


a Pl acta 
| 4 


Vi = (V, UV) cn, 18 @ neutrosophic semigroup fuzzy bivector 
space. Let 
W= Ww, U W> 
a 
a b 
= <\allaeZ'I> U { shedeZ 
c d 
a 
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<V,U V>. 


Define n: W = W,; U W2 > N((0, 1]) as follows, n = 7, U n,: 
W,U W2 > N((0,— 1)) 
n, > Wi > N((O, 1) 
and 
nN, : W2 > N([O, 1) 
is such that 


and 


W, = (W,UW,) 
bivector space of V,. 7 1s clearly the restriction bimap of n on 
W. 


nun, 1S the neutrosophic semigroup fuzzy 


Example 6.10: Let 
V= Vi ae V> 


aaaa 
= ' a,beZ'I> U 
fe b b 


Tororo oe 


oso oo fF 29 Ff & 


a,b,c,d,e,f € oh} 


a bc 
{ona |§ m 


be a neutrosophic semigroup bivector space over the semigroup 
S=Z'1. 
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Define n = 71 UN2 = V= Vi VU V2 > N([O, 1]) where n; : Vi 
— N([0, 1]) and n2 : V2 > N([0, 1]) are such that 


aaaa ais! 
Vly b bb g 
a b 
a b 
a = [+ : 
wage 2B 12 
a b 
a b 
and 
N2 (a, a, a, a, a) = er 
a be sre 
Va e f 6 
Vi = (V, UV) cn, 18 @ neutrosophic semigroup fuzzy bivector 
space. Let 


W=W,U Wd 


ae Z| U {(a,a,a,a,a) jae Qh} 


{eae 


be a neutrosophic semigroup bivector subspace of V over the 


semigroup S. 
Define 


cViUV,2 


H=7Hn, UN: Wi VU W2-> N([0, 1)) 


where 
n, : Wi > N((O, 1) 
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and 
nN, : W2 > N((9, 1) 
are such that 


and 
= 1 
N, (a, a, a, a, a) = pee 


W, = W,=(W,UW,); 


bivector space of Vy. 


is a neutrosophic semigroup fuzzy 


WN 


Example 6.11: Let 


V=V,UV2 
a 
= {(a, b,c, d,e), | a] |a,b,c,d,e, € ZT} 
a 


a b 
U {ZT x Z1x ZT, J |a,b,c,d, € ZT} 
c 


be a neutrosophic semigroup bivector space over the semigroup 
Z'I. Let 


W=W,UW> 
a 
a b 
= \a|laeZ'l uf{ : shedeZt} eV 
¢ 
a 


be a neutrosophic semigroup bivector subspace of V over the 
semigroup S. Define n : W > N([0, 1]) 1e., 

n=mUMm= WV W2-> N((0, 1)) 
where 
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nm: Wi > N([0, 1)) 
and 

N2 : W2 > N([0, 1)) 
are such that 


and 
#2 = I+ ; 
es 2a 200 


W, = (W,UW,) is a neutrosophic semigroup fuzzy 


bivector space of V. Clearly W, and W, are distinct given in 


mVN2 


examples 6.9 and 6.11 respectively. 


Example 6.12: Let 


V=ViU V2 

a b 

a b 

aaa a)jla b 

= : a,beZ'l 

; b b ‘| a b 

a b 

a b 


U [esta E : | 
e 


be a neutrosophic semigroup bivector space over the semigroup 
S=Z'. 
Let 


a,b,c,d,e,f € o'} 


W=W,U W> 


234 


ae Z| U {(a,a,a,a,a)|ae Qt 


CV, UV 


be a neutrosophic semigroup bivector subspace of V over the 
semigroup S = Z'T. 
Define n = H1 U N2 = W, U W2 = W > N(([0,— 1]) where 

ni: Wi> N((O, 1) 


and 
No: W2 > N((0, 1]) 
with 
aaaa 
aaaa 
and 


12 (a, a, a, a, a) =1+0.5. 


Wr, = (W,UW3),on, IS a neutrosophic semigroup fuzzy 
bivector space of V. Clearly W, and W, are different in 


examples 6.10 and 6.12 respectively. 


Now we proceed onto define the notion of neutrosophic 
semigroup fuzzy bilinear algebra. 


DEFINITION 6.7: Let V = V; U V2 be a neutrosophic semigroup 
bilinear algebra over the semigroup S. We say V, = 
VV) non, OF (1 Y I) (Vi UY V2) is a neutrosophic semigroup 
fuzzy bilinear algebra if 7 =n, UN: V=V, UV, > NO, 1]) 
is such that yn; : Vi > N([0, 1]) and 1: V2 > N([0, 1]) satisfy 
the conditions 7; (x; + yj) 2 min (n; (x), 1 Vp); 1 (1X) = TN; 


(x); i=l, 2 for every r € S and x; y; € V; ; i=1, 2. 
We will illustrate this situation by some examples. 
Example 6.13: Let V=V,U V2 


= {(a, a, a, a, a, a, a)|a € QT U 
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a b 

c d 
be a neutrosophic semigroup bilinear algebra over the 
semigroup S = ZI. 


Define n = 71 UN2 = V=Vi VU V2 > N([0, 1]) where n; : Vi 
— N({0, 1]) and n2 : V2 > N([0, 1]) are such that 


a,b,c,deé z" 


1 
1 (a, a, a, a, a, a, a) = ae 


a b _14! 
mele. a 9 


Va (V, 25) is a neutrosophic semigroup fuzzy bilinear 


algebra. 


mVN2 


Example 6.14: Let 
V=ViUV2 


_ fat at a,l 
a,l aI a,I 


V> = {(ayl, aol, asl, asl) | al E Zol; l1<i< 4} 


slezinsis6| 


and 


be a neutrosophic semigroup bilinear algebra over the 
semigroup S = Z>. Define n =n, U 2: Vi U V2 > N([O, 1) 
where n; : Vi > N({0, 1]) and n2 : V2 > N([0, 1]); such that 


1 ptosis 
al aI a,l I+— if a; #0 for somei,1<i1<6 
1 6 
a,l aI a, 


1 if a, = 0 fori=1,2,3,4,5,6 
and 
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te if a, # 0 for some i =1,2,3,4 
(ail, aol, asl, agl) = 4 


1 ifa, =0;1<i<4 


V, = (V,VV,) 
algebra. 


nun, 1S @ neutrosophic semigroup fuzzy bilinear 


The reader is expected to define the two types of neutrosophic 
semigroup fuzzy bilinear subalgebra as in case of neutrosophic 
semigroup bivector spaces. 


DEFINITION 6.8: Let V = V; U V2 be a neutrosophic group 
bivector space over the group G. Define n= nN, Ur: V= Vi VU 
V, > N({0, 1]) a bimap such that 

mm: Vi >N(LO, 1p) 


and 
72° V2 > N([O, LP) 
where 
mi (a; + b) 2min (n; (a), 1: (b); 
mi (ai) = Ti (— aj) 
mi (0) = 1 


mi (ra) = (a;) 


for all a, b; € Vi, r € G for i=I, 2. We call V, = V,UV,) 


be the neutrosophic group fuzzy bivector space. 


MLM to 


It is pertinent to mention here that the concept of neutrosophic 
group fuzzy bilinear algebra and neutrosophic group fuzzy 
bivector spaces and fuzzy equivalent. 

We will illustrate this by some examples. 


Example 6.15: Let 


_ |fal bI cl 
dI el fi 


V=V,UV> 


al, bl,cl,dl,el,fl¢ a} U {ZI x ZR 


25) 


be a neutrosophic group bivector space over the group Z. 
Let 
n=n VU N2 :V=V, UV, > N((0, 1}) 
be defined as follows: 


a : Vi > N({0, 1) 
and 
2 : Vo N({0, 1]) 


ees ifaz0 
|a| 


l 
+ — 
|| 

1 


aa ifa=0=b andc+#0 
Cc 


if b4#0 


al bl cl 1. 
N1 = ,I+— ifa=b=c=0andd+40 
di el fi | d | 


cab ifa=b=c=d=0;e+#0 
|e| 
1 
+ — 
| f | 
1 ifa=b=c=d=e=1.=0 


i a=becHad=c=0; 5 +0 


1 
ewe Be if (x, y) # (0,0) 
0 if (x, y) = (0,0) 


Vn = (V,UV,) 


space. 


non, 1S @ neutrosophic group fuzzy bivector 


Example 6.16: Let 
V=V,U V2 
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_ ja b 
c d 
be a neutrosophic group bilinear algebra over the group G = QI. 


Define n = 1 U No: V = Vi UV V2 > N([O, 1]) where 
ni: Vi N([O, 1) 


sbesdeQl U {QI x QI x QT} 


and 
N2: V2 N((0, 1)) 
with 
1 ; 
a b I+- if | ad = be |# 0 
Nh d = 5 

0 if |ad = bc |=0 

and 


I+ = if atleast one of a or b or cis non zero 
n2(a, b, c) = 5 


0 ifa=bacH0 


Vn = (V,VV,) 


algebra. Now we proceed onto define neutrosophic group fuzzy 
bilinear subalgebra or neutrosophic group fuzzy bivector 
subspace as both are fuzzy equivalent. 


non, IS a neutrosophic group fuzzy bilinear 


DEFINITION 6.9: Let V = V; U V2 a neutrosophic group 
bivector space over the group G. Let Vy = (VV, UV), be the 
neutrosophic group fuzzy bivector space of V. Let W = W; UW; 
CV, UV; be a proper neutrosophic group bivector subspace of 
V W,=(W.YW,) 09, is a neutrosophic group fuzzy bivector 
subspace of V, if 7 = 7.U N,: Wi UW, > N([O, L]) is the 
restriction bimap of 7: 7 U2: Vi CV2 > NO, 1) i.e. 7, : 
W; > N({0, 1]) is the restriction map, n;: V; > N([0, 1]) for i = 


J 


We will illustrate this by an example. 
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Example 6.17: Let 


_ jfa b 
c d 
be a neutrosophic group bivector space over the group G = QI. 


Define n = 1 U 2: Vi U V2 > N([0, 1]) where 
m1: Vi> N(O, 1) 


V=V,UV> 


sbesdeQl U {QI x QI x QR 


and 
N2: V2 > N((0, 1)) 
Define 


ie ifaz#0,b#0,c#0,d40 
I+— if oneof a,b,orc or dis zero 


a b 1. 
Nh = |I1+— if twoof a,b,c,or dis zero 


I+1 if only one of a,b,c or dis non zero 
1 ifa=b=c=d=0 


ee if a#0,bz#0,c#0 
3 
1 . : 
n2(a, b, c) = ae if one of a,b,orc is zero 
I+1 if one of a or b or c is non zero 
1 if a=b=c=0 


v= (V, UV,) 


space. 


non, 1S a neutrosophic group fuzzy bivector 


Let 
W =W, U W> 
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abeail U (QI x QI x {0}} 


as 


be a neutrosophic group bivector space over the group G = QI. 
Define H= nH, U 1H, : Wi VU W2 > N((0, 1]) by; where 
n, : Wi > N((0, 1) 


cV,UV), 


and 
n, : W2 > N((0, 1]) 
is such that 
I+1 if oneof aor bis non zero 


aja D 1. 
nN, = re if a #0, b#0 
1 ifa=0=b 


ie if a #0,b #0 


WOK, Beenneibet 
1 ifa=b=0 


W, =(W, UW,) is a neutrosophic group fuzzy bivector 


subspace of Vn. 


NUN, 


DEFINITION 6.10: Let V = V; U V2 be a neutrosophic group 
bivector space over the group G. Let W = W; UW, CV, Ud? 
be a neutrosophic group bivector subspace of V over G. Define 
a bimapn = 4 UV 1 W, UV Wz > N([0, L]) so that W, = 
(W, OW,) jon, 8 a neutrosophic group fuzzy bivector space then 
we call Wn to be the neutrosophic group fuzzy bivector 
subspace of V. 


We will illustrate this definition by an example. 
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Example 6.18: Let 
V=V,UV> 


b 
jarxzixzrnziy {2 
c d 


a,b,c,d€ al 


be a neutrosophic group bivector space over the group G = ZI. 
Let 


W=W,U W> 


jer zrxzrs 10} 30 {2 : 
0d 


c<V,UV> 


a,b,de al 


be a neutrosophic group bivector space over the group G. 


Define n : W > N({0, 1]); that is n =n) U no: W = W; Uv Wd 
— N({0, 1]) where ni; : W; > N({0, 1]) and n2 : W2 > N([0, 
1). 


1. : 
I+-— if atleast one of x,y,z is non zero 
N1 (x, y, Z, = 3 


1 if x=y=z=0 


a b pe if atleast one of a,b, dis non zero 
Thora 


1 ifa=b=d=0 


Wy = (W_UW,) 
subspace of V. 


non, 18 a neutrosophic group fuzzy bivector 


DEFINITION 6.11: Let V = V; U V2 be a neutrosophic biset 
bivector space over the biset S = S; US. Letn = 41 U2: Vi 
UV, N([0, 1]) where n, : V; > N([0, 1]) and yn: V2 > N([0, 
L]) such that n)(r; ay) = Hi(a,) for all r;, € S; and a; € V; and 
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2 (r> a) 2 12(a2) for all i) ES) and a> E V>. Vx = (V, UV,) 


is a neutrosophic biset fuzzy bivector space. 


MLM 


We will give an example of this definition. 


Example 6.19: Let 
V=V,U V2 


(erxzazmu{(? ae : 
aaaa 


ae Z| 


be a neutrosophic biset bivector space over the biset 3Z° U Z'T 
=S=S8,U &. 

Define n = M1 U 2: Vi U V2 > N((O, 1]) where qn; : Vi > 
N({0, 1]) and n2 : V2 > N({0, 1]) given by 


1 
n1 (a, b, c) = aan 


Vi = (V, U V2) yun, 18 4 neutrosophic biset fuzzy bivector space. 


Now the notion of neutrosophic biset fuzzy bilinear algebra is 
left as an exercise for the reader to define and give examples of 
it. The two types of neutrosophic biset fuzzy bivector subspaces 
can also defined analogous to earlier definitions. 


DEFINITION 6.12: Let V = V; U V2 be a_ neutrosophic 
bisemigroup bivector space over the bisemigroup S = S; US». 
Letn=79, UI2: V=Vi UV, 9 NO, 1]) be a bimap, if 7; (a; 
+ bj) >min (ja), 7i(b)) - Ni(ria) = rin(a) for all r; € S; and a, 
b; € Vi, i = I, 2, then we call V, = V,VV,) to be a 


MM 
neutrosophic bisemigroup fuzzy bivector space. 
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We will illustrate this by an example. 


Example 6.20: Let 
V=V,U V2 


= {(a, a, a)|ae Zl} U aeZl 


oso 2 2 ®& 


be a neutrosophic bisemigroup bivector space over the 
bisemigroup S = S; U S) = Z6 U Z7. 


Define 
n=nU™M: Vi UV, N([0, 1]) 
where 
ni: Vi > N((9, 1) 
and 
N2: V2 > N((9, 1) 
by 
I+ - ifaz0 
Ni (a, a, a) = 
1 ifa=0 
and 
a 
a I+— ifaz0 
Y2 rm = ; 
1 ifa=0 
a 
V_=(V, U V5) yun, 18 @ neutrosophic bisemigroup fuzzy bivector 
space. 
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Next we proceed onto define the notion of neutrosophic bigroup 
fuzzy bivector spaces. 


DEFINITION 6.13: Let V = V; U V2 be a neutrosophic bigroup 
bivector space over the bigroup G = G; UG. Letn = 71 Um: 
Vi UV, > N(0, 1]) be a bimap where n; : V; > N([0, 1]) and 
m2 - V2 > N([0, 1]) are such that V; mn; and Vz m2 are 


neutrosophic group fuzzy vector spaces then V, = (V,OV,),..n, 


= Vin; UV2m is a neutrosophic bigroup fuzzy bivector space. 
We will illustrate this situation by some example. 


Example 6.21: Let 
V=V,UV2 


pps 


U{ZTxZ1xZ1xZ1x ZY 


a,b,c,de€ Zh 


be a neutrosophic bigroup fuzzy bivector space over the bigroup 
G=Zy UZ. 


Define 
n: V>N((O,z 1]) 
where 
n=m1 UM: Vi VY V2—> N((O, 1); 
nm: Vi > N((O, 1]) 
and 
N2: V2 > N({0, 1)). 
1 . 
a b I+-— if |ad — be |# 0 
N1 d = 8 
1 if ad—be =0 
and 
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I+ if (a,b,c,d,e) #(0,0,0,0,0) 


N2 (a, b, c, d, e) = 
1 if (a,b,c,d,e) = (0,0,0, 0,0) 
Vn= (V, UV,) yun, 1S 4 neutrosophic bigroup fuzzy bivector 
space. 


As in case of neutrosophic biset vector space we can define 
two types of neutrosophic bigroup fuzzy bivector subspaces. 
This task is left as an exercise for the reader. 
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(1) 


(2) 


(3) 


Chapter Seven 


SUGGESTED PROBLEMS 


Find all mixed neutrosophic integer set subspace of the 
mixed neutrosophic integer set vector space V = {20I, 0, 40 
—I, 251-5, 451 — 3, 281 - 4, 12 + 41, 3 + 41, 40 — 41, 101, 
201, 281, 54} c N(Z) over the set S= {0, 1} €Z. 


a. Does V have pseudo pure neutrosophic integer set 
vector subspace? 


b. Does V contain any pseudo set integer set vector 
subspace? 


Find all pure neutrosophic integer set vector subspaces of 
the pure neutrosophic integer set vector space V = {0, I, 28], 
42 +1, — 79 + 31, 442, 891, 2001 + 4002, 421 + 381, 4511} 
over the set S = {0, 1} CZ. 


Let V = {3nl, SmI + 2n, 0, 2m | m, n € Z* } be the mixed 
neutrosophic integer set vector space over S = {0, 1} CZ. 
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(4) 


(5) 


(6) 


a. Find 3 mixed neutrosophic integer set vector 
subspace of V. 


b. Find 3 pseudo pure neutrosophic integer set vector 
subspaces of V. 


c. Find 3 pseudo set integer set vector subspace of V. 


d. Can V have mixed neutrosophic integer subset 
vector subspace? Justify your claim. 


al b 0 0O)\/0 nZ 
Let V = oy] ’ 
c dl) \3nl 0) \0 pal 


be a pure neutrosophic integer set vector space over Zc Z. 


npabeder| 


a. Find atleast 5 pure neutrosophic integer set vector 
subspace of V over Z°. 


b. Find atleast 5 pure neutrosophic integer subset 
vector subspace of V. 


Let V = {2I, 0, 31 + 2, 27, 38 — 31, 541 — 47, 2801, 249} and 
W = {41I, 1561, 31 —I, 481, 56 + 47], 56, 0, 27 + 481, 561 + 
21} be two mixed neutrosophic integer set vector spaces 
over the set S = {0,1} CZ. 


a. Find a_ neutrosophic integer’ set linear 
transformation of V to W. 


b. Find atleast one neutrosophic integer set subspace 
preserving linear transformation. 


c. Find one neutrosophic integer set pseudo set 
subspace preserving linear transformation. 


d. Find one neutrosophic integer pseudo pure subspace 
preserving linear transformation. 


Let V = {0, 21, 251, 31 — 2, 48 — SI, 281 + 4} c PN(Z) be a 
pure neutrosophic integer set vector space over the set S = 
{01} eZ, 

Find all neutrosophic set linear operators on V. How many 
of them preserve the pure neutrosophic integer set 
subspaces of V. 
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(7) 


(8) 


(9) 


(10) 


Let V = {0, 21 + 8, 27 — 3], 41, -51, 481 — 3, 27 — 81, 91 + 8, 
— 5I, 49 — IM 28M -— 26, 42, — 21} c N(Z) be the mixed 
neutrosophic integer set vector space over S = {0, 1}. 


a. How many neutrosophic integer set linear operators 
can be defined on V? 


b. Find those neutrosophic integer set linear operators 
on V which preserves subspaces of V. 


Let V = {I, 21, 0, 191-3, 27 —I, 1 + 4, 28, 48 — 311, 1511} 
be a neutrosophic integer set vector space over the set S = 
{0, 1}. 


a. Find all neutrosophic integer set vector subspace of 
V over S. 


b. Find atleast 3 neutrosophic integer linear operators 
on V which preserves all types of subspaces. 


Let V = {2Z], 5Z, m+ nl | m, n € Z} be the neutrosophic 
integer set linear algebra over the set Z. 


a. Find at least 5 neutrosophic integer subset linear 
subalgebras of V over S Cc Z. 


b. Find 5 pseudo neutrosophic integer set vector 
subspaces of V. 


c. Find 5 neutrosophic integer set linear subalgebras 
of V. 


d. Find at least 5 neutrosophic integer set linear 
operators which preserves atleast one of the three 
substructures. 


e. Does there exist any neutrosophic integer set linear 
operator on V which preserves simultaneously all 
the three substructures mentioned in the problem. 


Let V = {3ZI, 25ZI, 41Z, 9Z + 32ZI} be a neutrosophic 
integer set vector space over the set Z. 


a. Find neutrosophic integer set subvector spaces of V 
over Z. 


b. Find neutrosophic integer set linear operators on V. 
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(11) 


(12) 


(13) 


(14) 


Cc. 


Find neutrosophic integer subset subvector spaces 
of V. 


Let V = {2I, 0, 41], 21 —I, 4, 43], 25 + 31, 27 —I, I- 42, 3, 
48I + 90} c N(Z) be a neutrosophic integer set vector space 
over the set {0, 1}. Find a neutrosophic integer set generator 


of V. 


Let V = {3ZI, 41Z, 28ZI + 31Z} Cc N(Z) be a neutrosophic 
integer set vector space of V over Z ive 


a. 


Find a neutrosophic integer set generator of V over 
7, rs 

If V is defined over Z what will be the neutrosophic 
integer set generator of V over Z. 


If V is defined over 3Z * what will be the 
neutrosophic integer set generator of V over 3Z”. 


If V is defined over S = {0, 1} what will be the 
neutrosophic integer set generator of V over S. 


If V is defined over the set S = {— 1, 2, 0, 1}, what 
will be the neutrosophic integer set generator of V 
over S. 


Let V = {3ZI, 2Z, m + nI | m, n € Z} be a neutrosophic 
integer set linear algebra over Z. 


a. 


b. 


Find the neutrosophic integer set generator of V 
over Z. 


Find the neutrosophic integer set generator of V 
when the same V is defined over the set S = {0, 1}. 


Suppose the neutrosophic integer set linear algebra 
V is defined over 3Z * what will be the neutrosophic 
integer set generator of V over the set 3Z. 


What will be the neutrosophic integer set generator 
of V if V is defined over the set S = {0, 1, 2, — 1, — 
2? 


Give some interesting properties about neutrosophic integer 
set linear algebras. 
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(15) 


(16) 


(17) 


(18) 


(19) 


(20) 


(21) 


(22) 


(23) 


(24) 


(25) 


Give an example of a neutrosophic integer set linear algebra 
which has no neutrosophic integer set linear subalgebra. 


Give an example of a neutrosophic integer set linear algebra 
which has no neutrosophic integer subset linear subalgebra. 


Give some interesting results on substructures of 
neutrosophic integer set vector spaces. 


Obtain some interesting properties about n-n set vector 
spaces. 


Find all n-n set vector subspaces of the n-n set vector space 
V = {7 +71 271, 48 + 48], 56, 421, 7 + 701, — 28, 56 — 56l, — 
28 + 281, 0} defined over the set S = {0, 1, 1 —I}. 


Let V be a neutrosophic integer set vector space over a set S 
Cc Z. Let NHomsg (V, V) denote the collection of all linear 
operators of V, what is the algebraic structure enjoyed by 
NHoms (V, V)? 


Let W and V be neutrosophic integer set vector space over a 
set S c Z. Let NHomg (V, W) denote the set of all linear 
transformation of V into W. Find the algebraic structure 
enjoyed by NHomsg (V, W). 


Give some interesting properties about n-n set linear 
algebra. 


Let V = {24], 22 —I, 90 + 4I, 22 + 2I, 0, 21 + 9I, 211, 301, 
941} c N(Z) be a n-n set vector space over the set S = {0, 1, 
I}. Find all n-n set vector subspaces of V over S. 


Let V = {m—mlI|m é€ Z} bean-n set linear algebra over S 
= {0, 1, 1 — I} c N(Z). Find the set of all n-n set linear 
operators on V. 


Let V = {2I, 31 — 2, 0, 441 — 20, 271 + 9, 22 + I, I, 241, 36], 
231} c N(Z) and W = {5 — SI, 20 — 201, 30 — 301, I, 44 — 
441, 261, 721} c N(U) be n-n set vector space over the set S 
= {1, 0, I}. Find atleast 5 distinct n-n set linear 
transformation from V to W which preserves n-n set vector 
subspaces of V and one n-n set linear transformation from V 
to W which does not preserve subspaces! 
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(26) 


(27) 


(28) 


(29) 


(30) 


(31) 


(32) 


Find the algebraic structure enjoyed by NHoms,(V, W) 
where V and W are n-n set vector spaces defined over S; 
where NHomg (V, W) is the collection of all n-n set linear 
transformations of V to W. 


What is the algebraic structure of NHoms(V, V); where 
NHoms(V, V) is the collection of all n-n set linear operators 
of a n-n set vector space over the set S c N(Z)? 


When V and W in problem 26 is replaced by n-n set linear 
algebra, what is the structure of NHoms(V, W)? 


When V in the problem 27 is replaced by n-n set linear 
algebra, what is the structure of NHom,(V, V)? 


m-—ml 0 
Let V = 0 m-—ml ||meZ* + C N(Z) be the n-n set 
m-ml m-ml 
linear algebra over the set S = {0, 1, 1 —I} CN(Z). 
Find NHomsg (V, V). 


a 
b. Find n-n subset linear subalgebras of V over F. 


& 


Does V have pseudo n-n set vector subspaces? 


a 


Does there exist a n-n set linear operator on V 
which does not preserve any n-n set linear 
subalgebras? 


Obtain some interesting properties about set neutrosophic 
integer vector spaces. 


Let V = {ZI} c N(Z) be a set neutrosophic integer linear 
algebra over the set S=Z". 


a. Find at least 3 set neutrosophic sublinear algebras 
of V. 


b. Does V have pseudo set neutrosophic integer 
subvector spaces? 


c. Find some subset neutrosophic integer sublinear 
algebras of V. 
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(33) 


(34) 


(35) 


(36) 


(37) 


(38) 


(39) 


(40) 


Let V = {3 +3], 5 + SI, 0, 31, 8 + 81, 71, 42 + 421} cN(Z 
(1)); V is a set neutrosophic integer vector space over the set 
S= {0, 1, , 1 —I} c N(Z) or equivalently N(Z(1)). 


a. Find atleast 3 set neutrosophic integer vector 
subspaces over the set S. 


b. Does there exist subset neutrosophic integer vector 
subspace in V? 


Obtain some interesting properties about set neutrosophic 
integer linear algebras. 


Let V c N(Z,) be a set neutrosophic modulo integer vector 
space over the set S = {0, 1}; find some interesting 
properties about V. 


Let V = {I, 0, 31, 14], SI, 251, 10, 101, 3, 14$ C N(Z2¢) be a 
set neutrosophic modulo integer vector space over the set S 
= {0, 1,1, 1 +251, 25+T}. 


a. Find a set neutrosophic modulo integer vector linear 
operator T on V which preserves all substructures. 


b. Find NS (Homg (V, V)). What is the | NSHomg (V, 
V)|? 


Prove V = {0, I, 2I, ...., 221} Cc N(Zp3) is doubly simple 
neutrosophic modulo integer linear algebra over the set S = 
{0, E1231}. 


Obtain some interesting properties about V = {0,1+ (p— 1), 

(p — 1) 1+ 1, 21+ (p — 2), (p—2)I1 + 2, (p—3)+ 31, (p—3) I 

p-l pt+l pl p-l 

—— [+ ——, —I1+ —}cN(Z); pa 
5 5 5 5 } (Z,); p 

prime, a set neutrosophic modulo integer algebra over the 


setS=Vv {0, 1, I}. 


oy Oy aon 


Obtain some interesting properties about set neutrosophic 
real matrix vector spaces. 


Can there exist a set neutrosophic real matrix linear algebra 
which has finite cardinality? 


253 


(41) 


(42) 


(43) 


(44) 


(45) 


(46) 


(47) 


(48) 


(49) 


Give an example of a neutrosophic group linear algebra of 
infinite cardinality. 


Does there exist a neutrosophic set linear algebra which is 
simple? 

Give an example of a neutrosophic group linear algebra of 
finite dimension. 


Obtain some interesting results on neutrosophic group 
vector space. 


Define a linear transformation from the neutrosophic 
semigroup vector space V to W where 


v= al a,I a,l 
a,l a.J a, 


bI bl bl 
W=4/b,I b,I b,I ||/be Qi 1<i<9!}. 
b.I bl byl 


seh isis6l 


and 


Does there exists a linear transformation T from V to W 
such that T~! exists? 


Does there exists neutrosophic set vector spaces V and W 
defined over the set S such that there does not exist any T : 
V > W such that T! exist? Justify your claim. 


If G is a simple group, can we say if V is a neutrosophic 
group vector space defined over G also is simple? 


Give an example of a simple neutrosophic group linear 
algebra. 


al bl 
Let V = 
{ a 


group linear algebra defined over the group G = pZI (p a 
prime). Find proper neutrosophic group linear subalgebras 
of V. 


anbictateat| be a neutrosophic 


254 


(50) 


(51) 


(52) 


(53) 


(54) 


(55) 


(56) 


(57) 


(58) 


Can V contain proper neutrosophic subgroup linear 
subalgebras? Justify your answer! 


Give some interesting properties about neutrosophic 
semigroup linear algebras. 


Give an example of a simple neutrosophic semigroup linear 
algebra. 


Does the neutrosophic semigroup linear algebra V = 
al bl 
cl dl jjal,bl,cl,dl,el,fle ZI; defined over S = ZI 
el fl 


have proper neutrosophic subsemigroup linear subalgebra? 
Justify your claim. Can V_ have proper neutrosophic 
semigroup linear subalgebras? 


Can a neutrosophic semigroup linear algebra have pseudo 
neutrosophic semigroup linear subalgebra? If so give 
examples of them? 


Let V = {Z,I [x] where ZI [x] consists of all polynomials 
with coefficients from Z7I} be a neutrosophic semigroup 
linear algebra over the semigroup S = Z,I. Can V have 
pseudo neutrosophic semigroup linear subalgebras? Justify 
your claim. 


Prove if V is any neutrosophic semigroup linear algebra 
over a semigroup S = ZI (or Z “I or Q* Tor R ‘I or QI or RI) 
then V cannot contain pseudo neutrosophic semigroup 
linear subalgebras. 


Give some interesting properties about the substructures of 
a neutrosophic group vector space. 


Give an example of a neutrosophic group vector space 
which is simple. 


Give an example of a neutrosophic group linear algebra 
which has no proper pseudo neutrosophic group linear 
subalgebras. 
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(59) 


(60) 


(61) 


(62) 


(63) 


(64) 


(65) 


(66) 


Give an example of a simple neutrosophic group linear 
algebra defined over a group G where the group G is not 
simple. 


al al 
Let V= 
{2 : 


algebra over the group G = N(Z7,). Is V simple? Justify your 
claim. Can this problem be generalized for any prime p? 


ale 2 be a neutrosophic group linear 


Find all neutrosophic set vector subspaces of V = 


al 0 0 al al 
) ,(al, bI, cl), 5) Z, x Zl 
bI 0) \bI cl bI 


over the set S = Z,)I. 


al,bl,cle zh 


Find all neutrosophic subset vector subspaces of V = 


al al\/fal O 

; ,(al, al, al) 
0 al/)(\al al 
set S = {0, 5, 10}. 


Find all neutrosophic subset vector subspaces of V = {(al, 
bI, cI) | al, bl, cl © Zool} defined over the set N(Z29). 


s1e2si| defined over the 


Can we say if V is a neutrosophic set vector space over the 
set S and if V has a proper neutrosophic set vector 
subspaces over the set S then V has a proper neutrosophic 
subset vector subspace? 


Is the claim if V a neutrosophic set vector space over the set 
S has proper neutrosophic subset vector subspace then V 
has proper neutrosophic set vector subspace? Justify your 
answer. 


Given V = 
al aI a,l 
al bI cl a,b,c,c,d,a, € Z,.] 
,| a,l aI a,1|,(al,al,al,al)) 
0 dl 0 1<i<9 
a,l a,I al 


is a neutrosophic set vector space over the set S = N(Z)5). 
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(67) 


(68) 


(69) 


(70) 


(71) 


(72) 


a. Find all proper neutrosophic subset vector 
subspaces of V. 


b. Find all proper neutrosophic set vector subspaces of 
V. 


c. Does V_ have pseudo neutrosophic set linear 
subalgebra? 


d. Can V_ have pseudo neutrosophic set vector 
subspaces? 


Is Z;31 a simple neutrosophic semigroup? 


a. Construct a neutrosophic set vector space V over 
Z,31 which is a simple neutrosophic set vector space 
(over Z,31). 


b. Construct a neutrosophic set vector space V over 
N(Zj3) which is a simple neutrosophic set vector 
space (over N(Z3)). 


al al al al 
Let V = 

al al al al 
semigroup vector space over the semigroup S = Zjol. Is V 
simple? Justify your claim. 


+<2at} be a neutrosophic 


Let V in problem (68) be taken as a neutrosophic group 
vector space over S = N(Zj9). Is V simple? 


Is V defined in problems (68) and (69) neutrosophic 
semigroup linear algebra over S = Zjol and neutrosophic 
group linear algebra over the group S = N(Zj9) respectively? 


Give some interesting properties about the collection of 
linear transformation operators of a neutrosophic group 
linear algebras V over G. Does the collection of such linear 
operators of V form a neutrosophic group linear algebra 
over G? 


' al al 
Given V = 
al al 


linear algebra over the group G = N(Z);). Find the set of all 


ale 2 be a neutrosophic group 
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(73) 


(74) 


(75) 


(76) 


(77) 


(78) 


linear operators of V to V. Does the collection of linear 
operators of V to V form a neutrosophic group linear 
algebra over the group G = N(Z,;3)? 


Let V be a neutrosophic set vector space over the set S. Let 
N(Homsg (V, V)) denote the set of all linear operators of V 
to V. What is the algebraic structure of NHoms (V, V)? 


Suppose V is a neutrosophic semigroup linear algebra over 
the semigroup S. Let N(Homg (V, V)) denote the collection 
of all linear operators of V to V. Is N(Homs (V, V)) a 
neutrosophic semigroup linear algebra over the semigroup 
S? 


Let V and W be neutrosophic semigroup vector spaces over 
the semigroup S. Suppose N(Homs (V, W)) denote the 
collection of all linear transformations of V to W, what is 
the algebraic structure enjoyed by the collection N(Homs 
(V, W)? Suppose IN(Hom;(V, W)) denote the collection of 
all invertible linear transformations of V to W what is the 
algebraic structure of IN(Homs (V, W)? 


If N(Homs (V, W) denote the collection of all linear 
transformations of W to V can we find any relation between 
the collections N(Homs (V, W)) and N(Homs(W, V))? 


Does these exist any relation between I(NHoms(V, W)) and 
INHomsg (W, V)? 


Give some important properties about I(NHom,(V, W) (ii) 
INHomc(W, V) where V and W are neutrosophic group 
linear algebras defined over the group G. 


What is the difference between the algebraic structures of 
N(Hom,(V, W)) and (NHom,(V, W)? (Here V and W are 
neutrosophic semigroup linear algebras defined over the 
semigroup S and V and W are neutrosophic group linear 
algebras defined over the group G respectively). 


If V and W are finite dimensional neutrosophic set vector 
spaces over the set S, what can be said about the dimension 
of NHom,;(V, W)? Is N(Homs(V, W) finite dimensional? 
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(79) 


(80) 


(81) 


(82) 


(83) 


(84) 


(85) 


Does there exist any relation between the dimensions of V 
and W and that of the dimension of N(Homs (V, W))? 


Does the structures V, W and N(Homs(V, W)) enjoy any 
common algebraic properties? (Here V and W = are 
neutrosophic set vector spaces defined over the set S). 


What happens if V and W are neutrosophic set linear 
algebras defined over S? 


Let V be a neutrosophic group linear algebra over the group 
G of dimension say N(n < 00). Suppose N(H<c(V, V)) denote 
the set of all linear operators on V. CaN(NHom,(V, V)) 
have any form of dimension associated with it? 


al al 
Let V= 
(3 : 
space over the group G = Z,I. Find N(Hom,(V, V)). 
Suppose V is realized as a neutrosophic semigroup linear 
algebra what can be said about N(Hom<(V, V))? Suppose V 
is realized only as a neutrosophic set linear algebra over G, 


what can we say about the algebraic structure of 
N(Hom,(V, V))? 


ale zh be a neutrosophic group vector 


Obtain some interesting properties about V = V,; U V2 
where V is a neutrosophic set bivector space. 


Give an example of a neutrosophic set bivector space. 


al bl 
Let V=V,; UV2= 
cl 0O 


al, al) | al e ZI} be a neutrosophic set bivector space over 
the set S=3Z "1 


al, bI,cle a} U {(al, al, al, 


a. Find neutrosophic set bivector subspaces of V. 


b. Find pseudo neutrosophic set bilinear sub algebras 
of V. 


c. Does V have pseudo neutrosophic set bilinear 
subalgebras? 
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(86) 


(87) 


(88) 


(89) 


Obtain some interesting properties about neutrosophic biset 
bivector spaces. 


Prove a neutrosophic biset bivector space in general is not a 
neutrosophic biset bilinear algebra. 


Let V = V; U V> be a neutrosophic biset bivector space over 
a 


a 
the biset S = Zosl U ZI where Vi= 5 Zos51 X Zo51 x Z 51} 


fa) 


fav) 


b 


and V,= {(a, b, c, d, e), } a, b,c, d, e, f € ZI}. 


a c 

d id 

a. Find atleast 5 neutrosophic biset bivector subspaces 
of V. 


b. Find three distinct neutrosophic biset bivector 
operators on V. 


c. Find three distinct neutrosophic subset bilinear 
bivector subspaces of V. 


d. What is the algebraic structure enjoyed by 
N(Hom,(V, V)) = {set of all bilinear operators on 


V}? 
e. Can V have pseudo neutrosophic biset bilinear 
subalgebras? 
Let V=V,UV> 
aaa 
a b 
= <|a a aljacQI- U { ‘| shesdeQl 
c 
aaa 


be a neutrosophic group bivector space over the group Z = 
G. Find the bidimension of V over Z. What is the dimension 
of S(Hom<,(V, V)) a neutrosophic group vector space over 
G or a neutrosophic group linear algebra over G or a 
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(90) 


(91) 


(92) 


(93) 


(94) 


(95) 


(96) 


(97) 


(98) 


neutrosophic group bivector space over G? Justify your 
claim! 


Let V = V; U V> be a neutrosophic semigroup bivector 
space over a semigroup S. Prove in general V is not a 
neutrosophic group bivector space even if S is a group! 


a b € 
Let V=V,; U V2 = 
def 


a,b,c,d,e,f € 2 U 


aoa 
b b 
a,b,c,deZ,,1; be a _ neutrosophic bigroup 
C.-C 
dd 
bivector over the bigroup G = Z). U Zp. Find a 


neutrosophic bigroup bivector subspace W of V. Define a 
neutrosophic linear operator T which preserves this 
subspace; that is T (W) c W. What is the bidimension of 
S(Homg (V, V))? Find the algebraic structure enjoyed by 
S(Homg (V, V)). 


Give some interesting properties of neutrosophic semigroup 
bivector spaces. 


What is the difference between neutrosophic bisemigroup 
bivector space and neutrosophic semigroup bivector space? 


Obtain some interesting features especially enjoyed by 
neutrosophic group bilinear algebra. 


Give an example of a neutrosophic bigroup bivector space 
of bidimension (7, 5) over a bigroup G = G; U G». 


Can one claim the neutrosophic bidimension in general is 
reduced if we consider neutrosophic bigroup bilinear 
algebra instead of neutrosophic bigroup bivector spaces? 


What is the advantage of neutrosophic set linear algebras 
over a neutrosophic linear algebras? 


What is the benefit of using neutrosophic biset bivector 
spaces instead of a neutrosophic set bivector space? 
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(99) 


(100) 


(101) 


(102) 


(103) 


(104) 


(105) 


(106) 


(107) 


(108) 


(109) 


(110) 


(111) 


(112) 


Give some nice applications of neutrosophic bisemigroup 
bilinear algebras. 


Which bispace is useful in neutrosophic modeling; 
neutrosophic bigroup bivector space or neutrosophic group 
bivector space? 


What is the advantage of using neutrosophic bigroup 
bivector space instead of using a neutrosophic group 
bivector space? 


Is their any benefit in using a neutrosophic set bivector 
space instead of a neutrosophic set vector space? 


What is the advantage of studying neutrosophic bigroup 
bivector space in the place of neutrosophic bigroup bilinear 
algebra? 


Does there exist any generalized neutrosophic bistructures 
other than the neutrosophic set bivector spaces? 


Give an example of a (11, 19) bidimensional neutrosophic 
bigroup bivector space. 


Can one say a neutrosophic bigroup bivector space of 
bidimension (pi, p2) (p; and p2, two distinct primes) is 
always bisimple? 


Can a neutrosophic group bivector space of bidimension say 
(12, 15) be simple? Justify your claim! 


Give an example of a neutrosophic group bilinear algebra of 
finite bidimension, which is simple. 


Give an example of a neutrosophic group bilinear algebra of 
infinite bidimension, which is simple. 


Can one say a neutrosophic group bilinear algebra of 
bidimension (1, 1) is always simple? Justify your claim. 
Give an example of a neutrosophic group bilinear algebra of 
bidimension (1, 1). 


What is the difference between a simple neutrosophic group 
bivector space and a simple neutrosophic group bilinear 
algebra? 
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(113) 


(114) 


(115) 


(116) 


(117) 


(118) 


(119) 


Suppose V = V, U V> is a neutrosophic group bivector 
space defined over the group G = {(0, 1, 2, ..., p— 1) such 
that p is a prime}. Is V a simple neutrosophic bivector space 
over G? 


Find a bigenerating subset of the neutrosophic group 


a bc 
bivector space V = 
dy te. 


aaaa 
{ Jae 2 over the group G = Zyl. 
aaaa 


a,b,c,d,e,fe¢ 2 ey 


aaa 
Let V = Vi U V> = { a Ke) 
aaa 
aa 
aa ; : ‘a 
aeéZ,I- be a neutrosophic bigroup bilinear 
aa 
aa 


algebra over the bigroup G = G; U G) = Zi, U Zj3. Find a 
bigenerating subset of V. If V = V, U V> is a neutrosophic 
bigroup bilinear algebra over the bigroup G = G; U G = 
Ziil U Zi3l, what is the bidimension of the bigenerating 
subset of V? If V = V; U V> is a neutrosophic bigroup 
bilinear algebra over the bigroup G = G; U Gy = N(Zj;) U 
N(Z)3), what is the bigenerating subset of V? 


When is V simple? 


Give an example of a (7, 14) bidimension neutrosophic 
semigroup bivector space. 


Give an example of a neutrosophic semigroup bilinear 
algebra of bidimension (7, 14). 


Compare the algebraic structure in problems (116) and 
(117). 


Give by an real model that neutrosophic set vector space is 
useful than a neutrosophic vector space. 
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(120) Obtain some interesting properties about neutrosophic set 
fuzzy bilinear algebras. 


(121) Let V=V,UV> 


a b 
a bc 
= | c d}la,b,c,d,e,f @QI¢ U 

def 

f 

aa 

b b é 
(a,a,a,a,a), a,beZ'l 

G 

dd 


be a neutrosophic set bivector space over the set S = Z ‘I. 


a be 
Let W = W, U W2 = 
{; e A 


{(a, a, a, a,a)|a e¢ Z*I! CV, U V2 bea neutrosophic set 
bivector subspace of V over the set S. Find neutrosophic 
linear bioperator on V which preserves W. Find one 
neutrosophic linear bioperator of V which does not preserve 
W. Find V, and W,. 


a,b,c, d,e,f € Z| U 


(122) Give some interesting properties about neutrosophic 
semigroup fuzzy bivector spaces. 


(123) Prove the notion of neutrosophic semigroup fuzzy bilinear 
algebra and neutrosophic semigroup fuzzy bivector space 
are fuzzy equivalent. 


(124) Let V=V, UV; 


a b 
aaa 
a b 
St a. ae | . ,(a,b,a,b,a,b)|a,be ZT} U 
a 
b b b 
a b 
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(125) 


(126) 


(127) 


aaaa 
a oS 
0 b b b : 
0 b bi, a,be Zl 
0 O0Oaa 
0 0a 
0 0 0 b 


be a neutrosophic semigroup bivector space over the 
semigroup S = ZI U {0}. Define n : V > N([0, 1]) so that 
Vv, = (Vv, OV5) om is a neutrosophic semigroup fuzzy 
bivector space. Define a n so that W, does not exist for any 
proper neutrosophic semigroup bivector subspace W of V 
where 1 is the restriction of n to W. 

Let V=V,UV> 


aa 
Fat | oe (aaaaa) aEeZ,,] 


aa 


aeZ, I 


@ 
pee) 
pee) 
pee) 
2 © © © 


be a neutrosophic bigroup bivector space over the bigroup 
G=Z)1 U ZI. Find an : V > N[Zo, 1] so that n is a 
substructure preserving neutrosophic bigroup fuzzy bivector 
space. 


Obtain some interesting properties about neutrosophic 
bigroup fuzzy bivector spaces over a bigroup G = G; U Gp. 


Let V=V,;UV2= 


aaa 
aoa ajijaeZ,,1r U 


aaa 
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aaaaaa 
aaaaaa 


ae 2 


be a neutrosophic bigroup bilinear algebra over the bigroup 
G= G, U G> = Z31 U Zyol. 


a. 


b. 


Find a bigenerator of V. 


If G is replaced by Z23 U Zio, what is the 
bigenerator of V? 


Define 7:V + N([0, 1]) so that V, = (V, IV Vos a 
is a neutrosophic bigroup fuzzy bilinear algebra. 


Can V = V; U V> have any proper neutrosophic 
bigroup bilinear subalgebras? 
Is V simple? 


Define two neutrosophic bigroup fuzzy bilinear 
algebras say n and 6 so that n and 8 do not agree on 
any element on V. 


(128) Let V and W be any two distinct neutrosophic bisemigroup 
bivector spaces over the same bisemigroup S = S; U Sp. 
Find N(Homsg (V, W)). 


(129) Obtain some interesting properties about the neutrosophic 
bigroup bilinear algebras. 


(130) Let 


<— 

II 
o © © © 
TTT So 


a,b,ceZI- U 


aaaaa 


(x,y),])b b b b_ bj,fa,a,a,a])x,y,a,b,ce ZI 


Cc C C C C¢ 
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(131) 


(132) 


(133) 


(134) 


(135) 


and 


a b c)\la O O 
0 a bia b Ofla,b,ceZ I> VU 
O°. 0: “Ey a be 


,(a,b,c,d,e,f)]a,b,c,d,e,f, g,h,i, j,k,1 © ZI 


be any two neutrosophic set bivector spaces over the set S = 
Z * I. Find N(Hom;(V, W)). What will happen if S is 
replaced by S; = {0, 1, 2, 3, 4}. 


a. Will this affect the bigenerating subset of V and W? 


b. What is bidimension of V and W are neutrosophic 
set bivector spaces over the set S? 


c. What is the bidimension of V and W = as 
neutrosophic set bivector spaces over the set S,? 


Can one prove bidimension depends on the set over which 
the neutrosophic set bivector space is defined? 


Prove or disprove the bigenerator of a neutrosophic 
semigroup bilinear algebra V is dependent on the semigroup 
over which V is defined. 


Obtain some interesting properties about bidimension and 
bigenerators of the neutrosophic set bivector spaces. 


Suppose V = V; U V> is such that V can be treated as a 
neutrosophic set bivector space as well as neutrosophic set 
bilinear algebra over the same set S. Will they have 
different sets of bigenerators when V = V, U V>j is just a 
neutrosophic set bivector space and another set of 
bigenerator when the same V is a neutrosophic set bilinear 
algebra over the same S.? Justify your claim. 


Let V = V, U V> be any neutrosophic bigroup bivector 
space over the bigroup G. 
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(136) 


(137) 


(138) 


(139) 


(140) 


a. Is it possible for V to have more than one 
bigenerating bisubset of V? 


b. Will the bidimension of V be the same if V has 
more than one bigenerating bisubset? 


Let V=V,UV2= 


‘ee 
ae 


be a neutrosophic bigroup bivector space over the bigroup 


G= Zol U Zl. 
a. What is the bidimension of V? 


a,b,c,d,e,fe¢ 2 U 


a,b,c,de 2 


b. How many bigenerating bisubset V has? 


Characterize those neutrosophic bigroup bivector spaces 
which have a unique generating subbiset! 


Give an example of a neutrosophic bigroup bivector space 
which has more than one bigenerating bisubset. 


Let V=V,UV2= 


aoa a aoa a 
b b bifa,b,ceZ,I7 Us)a a a faeZ,.1 
& -¢ -¢ aaa 


be a neutrosophic bigroup bilinear algebra over the bigroup 
G= Zi2l U Zos\. 


a. Find a bigenerating bisubset of V. 
b. How many sets of bigenerating bisubset of V exist? 
c. What is the bidimension of V? 


Let V=V,;UV2= 
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x 
(x, y,Z), ¢ ’ . ’ a cane X,y,Z,w € ZI U 
z|{|z wi//|0 y O 
Ww | 
a | a 
abcd 
b : Oef 
abe 
© | (a,b,c,d),| ¢ |, > Wahvedietie hie Zi 
defh d 00hi1 
00 0f 
e | a 


be a neutrosophic group bivector space over the group G = 


ZI. 
a. 


b. 


What is the bidimension of V? 
Find a bigenerator of V? 


Find all proper neutrosophic group _bivector 
subspaces of V. Is that collection finite or infinite? 


Define n : V — N({0, 1]) which can preserve all 
proper neutrosophic group bivector subspaces; V,, is 
the neutrosophic group fuzzy bivector space. 


Find an : V > N([0, 1]) which does not yield even 
a single W, where W is a proper neutrosophic 
group bivector subspace of V; 7 the extension of n 
on V. 


Can V_ have pseudo neutrosophic semigroup 
bivector subspaces? 


If group ZI is replaced by pZI, p a prime will V = 
Vi U V2 have different bidimension and 
bigenerator? Justify your answer. 


(141) Give an example of neutrosophic bigroup bilinear algebra 
which is simple but of infinite bidimension. 
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(142) 


(143) 


(144) 


Give an example of a neutrosophic group bivector space 
which is simple and of finite bidimension (n, m), n and m 
are not prime. 


Suppose V = V, U V> is a neutrosophic bigroup bilinear 
algebra over a bigroup G = G; U Gp, where V is of finite 
bidimension, can one conclude V has only a finite number 
of neutrosophic bigroup bilinear subalgebras? Justify your 
claim. 


Let V=V,;UV2= 
a 0 0 0 
aaa 
aa 0 0 
O a ajjaeZ.1¢ U aeZl 
aaa OQ 
0 Oa 
a “a. @ 4 


be a neutrosophic bigroup bilinear algebra over the bigroup 
G= G, U G> = Zsl U Zyl. 


a. Define n : V > N[(O, 1)] so that V, is a 
neutrosophic bigroup fuzzy bilinear algebra. 


b. Can V_ have neutrosophic bigroup _ bilinear 
subalgebras? 


c. Can V have pseudo neutrosophic subbisemigroup 
bilinear subalgebras? 


Hence or otherwise if V = V; U V2 is a neutrosophic 
bigroup bilinear algebra over a bigroup G = Z,I U Z,I (pa 
prime and n not a prime) of the form; 


a 0 0 O 
a aia 
aa 0 O 
V=5/0 a ajljaceZI-u aeZ I 
3 aaa 0 
0 Oa 
aaaa 


answer the above three questions. 


What will happen if 
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(145) 


(146) 


(147) 


(148) 


V=V,UV> 


a be 
=4|0 d ejja,b,c,d,e,feZ I> U 
0 0f 
a 0 0 O| 
bc 0 0 ; 
a,b,c,d,e,f,g,h,ie ZI 
de f 0 
g hi j 


is a neutrosophic bigroup bilinear algebra over the bigroup; 
a. ifG=Z,[.U ZI? 
b. Ifover G=Z, U Z,? 


Give an example of a neutrosophic bigroup bilinear algebra 
over a bigroup which has entries from N(C ). 


Let V = V, U V> be a neutrosophic biset bilinear algebra 
over the biset S = S; U Sz. Let N(Mg (V, V)) denote the set 
of all neutrosophic biset linear operators from V to V. 


What is the algebraic structure of N(Mg (V, V))? 


Does the bidimension of a neutrosophic bisemigroup 
bilinear algebra depend on the bisemigroup over which it is 
defined? 


Let V=V, U V2 = {Zyl & Zyl x Zyl x Zp} U { Zyl x 


aa 
Zyl x Zyl x Zi21 x Z 21 x Zyl, | aeZ,I} be a 
aa 


neutrosophic set bivector space over S = Z). 


What is the bidimension of V? Find a bigenerating bisubset 
of V. What is the bidimension of V if S = ZI? 


a. Will the bigenerating bisubset be different? 


b. What is the bidimension of V if S if replaced by S, 
= {0, 61}? 
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(149) Let V=V, U V2 = Zs I [x] U Z, I [x] be a neutrosophic 
bigroup bilinear algebra over the bigroup G = Z; U Zp. 


a. What is the bidimension of V over G? 


b. If G is replaced by G; = ZsI U ZI; what is the 
bidimension of V? 


c. If G is replaced by Gy = Zs U ZI; what is the 
bidimension? 


d. If G is replaced by H = Z;I U Z); what is the 
bidimension of V? 


(150) Let V=V,UV2= 


eee 


sea U {ZI x ZI x ZT} 


and 
a b 
W=;!c dila,b,c,d,e,f ¢ZI> VU 
e f 
aaaa 
b b b biia,b,ce ZI 
G 6 Cc 


be neutrosophic group linear algebras over the group G = 
ZI. 


a. Find bidimensions of V and W. 
b. What is the bidimension of N(Mz; (V, W))? 


c. If G is replaced by pZI, p a prime find the 
bidimensions of V and W. 


d. What is the bidimension of N(Mpz: (V, W))? 
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e. Find Vn a neutrosophic group fuzzy bilinear 
algebra. 


(151) LetV=V,;UV2= 


(Pao 


aaa 


a,b,c,d,e,f ¢ 2a U 


aa ajjaeZ,,] 


aaa 
be a neutrosophic group bilinear algebra over the group G = 
Z30l. 


a. Can V_ have pseudo neutrosophic semigroup 
bilinear algebras over G = Z30I? 


b. What is the bidimension of V over G? 
c. What is the bidimension of N(Mc (V, V))? 


(152) Let V=V,U V2= {Zs x Zg x Zg X Zl} U {Zl x Zegl x Ze l 
x Zgl x ZgI x Zg 1} be a neutrosophic group bilinear algebra 
over the group G = {0, 4} addition under modulo 8. 


a. Find the bidimension of V over G = {0, 4}. 
b. What is the bigenerating set of V over G = {0, 4}? 


c. If G is replaced by H = {0, 2, 4, 6}, what is the 
bidimension of V and the bigenerating set of V over 
H? 


d. What is the bidimension of N(Mi(V, V))? 


(153) Let V = V; U V> be a neutrosophic group bilinear algebra 
over the group G. Suppose H;, Ho, ..., H» be n distinct 
subgroups of G. Suppose V = V; U V> is also a 
neutrosophic group bilinear algebra over each of the 
subgroups Hj, Ho, ..., Hn; compare them. 
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(154) 


(155) 


(156) 


(157) 


(158) 


a b 
Let V = { | nbsdeZl U {(aaaa)|ae Zig I} 
c 
be a neutrosophic semigroup bilinear algebra over the 
semigroup S = Zs. 


a. Define n = m1 U 2: V > N([0, 1]) so that V, is a 
neutrosophic semigroup fuzzy bilinear algebra. 


b. Is every bimap n: V > N([0, 1]) is such that, Vn is 
a neutrosophic semigroup fuzzy bilinear algebra? 


Let V=V, U V2= {ZI x Z x ZI x ZI x Z} U 


a bec 

ds ae le 
be a neutrosophic group bilinear algebra over the group G = 
Ta 


a,b,c € ZI,d,e,f,< | 


Find n : V > N([0, 1]) so that Vn is a neutrosophic group 
fuzzy bilinear algebra. 


Give some interesting properties about neutrosophic group 
fuzzy bivector spaces. 


Let V = V; U V> be any neutrosophic quasi semigroup 
bilinear algebra over the semigroup S. 


Find some interesting properties about this algebraic 
structure. 


Let V = V, U V2 = Zpl[x] U Z'T[x] be a neutrosophic 
bisemigroup bivector space defined over the bisemigroup S 
=Z,1IUZ ca i 


a. Find a neutrosophic bisemigroup bivector subspace 
of V. 


b. Find a bigenerating bisubset of V. 
c. What is the bidimension of V? 
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(159) Let V=V;UVo= 


fr 


a,b,c,de€ Nz} U IN(Zi2)I [x]} 


be a neutrosophic group bivector space over the group G = 


Z12. 


a. 
b. 


Cc. 


Find pseudo group bivector subspace of V. 
Find the bidimension of V. 


If G is replaced by G; = ZyI can V have pseudo 
group bivector subspaces? 


Define n : V > N([O, 1]) such that Vn is a 
neutrosophic group fuzzy bivector space. 


Can V have pseudo neutrosophic group bilinear 
subalgebras? 


(160) Let V=V, U V2 = {(Z,1)'7} U {(Zel)*}be a neutrosophic 
bigroup bivector space over the bigroup G = Z7 U Ze. 


(161) 


a. What is bidimension of V over G? 
b. If G is replaced by G,; = ZI U Zl what is the 
bidimension of V over G? 
c. Does V have a pseudo neutrosophic bisemigroup 
bivector subspace W of V over G? 
Let V=V,U V2= 


a,b,c,de sah U 


a 
es 


a,b,c,de sa 


be a neutrosophic bigroup bivector space over the bigroup 
G = 3Z1 VU S5ZI. 
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If 
W=W,U W2= 


IE en 


Cc V, U V2 is a neutrosophic bigroup bivector subspace of 
V, find the bidimension of W over G. 
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